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More recent attitude determination methods search in
the ambiguity domain. Several of them make use of the popular LAMBDA method, see e.g. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10,
11, 12], as this method is known to be efficient and known
to maximize the ambiguity success rate [13, 14, 15]. However, the standard LAMBDA method has been developed for
unconstrained and linearly constrained GNSS models. The
method is therefore not necessarily optimal for the GNSS
attitude determination problem, for which often the multivariate antenna array geometry is provided as well. In
order to do proper justice to this a priori information, the
nonlinear constraints of the array geometry should be fully
integrated into the ambiguity objective function. This is
achieved by the recently developed multivariate constrained
(MC-) LAMBDA method [16, 17, 18, 19]. But although
this method has an increased success-rate performance in
comparison with existing techniques, the complexity of its
ambiguity search has increased as well. This is primarily
due to the complexity of its search space which is not ellipsoidal anymore.
To avoid this complexity, we describe in this contribution an alternative to the MC-LAMBDA method. It is
based on the affine-constrained GNSS attitude model as introduced in [20]. As it will be shown, the solution method’s
performance approaches that of the optimal multivariate constrained LAMBDA method, while its low complexity remains comparable with that of the unconstrained LAMBDA
method. The results are demonstrated for a linear array of
low-cost u-blox receiver/antennas.

1

Abstract
Carrier phase integer ambiguity resolution is the key
to fast and high-precision GNSS positioning and attitude determination. It is the process of resolving the unknown cycle
ambiguities of the double-differenced carrier phase data as
integers. Once this has been done successfully, the carrier
phase data will act as very precise pseudo range data, thus
making precise positioning and attitude determination possible. In this contribution, we describe and test the affineconstrained GNSS attitude model and compare its ambiguity resolution performance with that of MC-LAMBDA on a
linear array of low-cost receiver/antennas.
2

Introduction
GNSS attitude ambiguity resolution is a rich field of
current studies, with a wide variety of challenging (terrestrial, sea, air and space) applications. The earliest methods
of attitude ambiguity resolution are the so-called motionbased methods. These methods take advantage of the change
in receiver satellite geometry that is induced by the platform’s motion. They are not applicable, however, on an
epoch-by-epoch basis, as the presence of motion is needed
per se. Another class of methods is the class of search-based
methods. These methods are not necessarily dependent on
motion and can therefore be used instantaneously in principle. They differ in the search domain used and in the objecFooter: to be optimized.
tive function

3 GNSS Array Model: A Multivariate Formulation
In this section we introduce the GNSS model for a
small-sized array of GNSS antennas. We make thereby use
of the multivariate formulation as introduced in [21]. A frequent use is therefore made of the Kronecker product ⊗ and
the vec-operator, see e.g., [22, 23].
The body of which the attitude needs to be determined
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is assumed equipped with a body-fixed array of r + 1 GNSS
antennas all tracking the same s + 1 satellites on the same
f frequencies. Furthermore, we assume the array-size to be
such that the differential atmospheric delays (troposphere
and ionosphere) between the antennas can be neglected. With
these assumptions, we can formulate the single-epoch, multifrequency GNSS array model in multivariate form as
E(Y ) = M X + N Z , X ∈ R

3×r

, Z∈Z

f s×r

computing the attitude matrix R. Thus first (1) is solved
in a least-squares sense, after which the ambiguity resolved
baseline matrix is used to determine the attitude matrix.
The multivariate LS-solution of (1) is given as
T
T T
, Žuc
] =
[X̌uc

arg min
X∈R3×r ,Z∈Zf s×r

(1)

(3)
= (.) Q (.). The suffix ’uc’ is used to emwith
phasize that this solution is not constrained by the bodyframe antenna-geometry. Once the estimate X̌uc is available, an estimate of the attitude-matrix R is determined in a
LS-sense as
||.||2Q

with E(.) the expectation operator, Y the 2f s × r double
differenced (DD) data matrix, (M, N ) the 2f s × (3 + f s)
design matrix, X ∈ R3×r the unknown real-valued baseline
matrix and Z ∈ Zf s×r the unknown integer ambiguity matrix. The carrier phase and pseudo range data matrix is structured as Y = [YφT , YpT ]T , with Yφ = [yφ;1 , . . . , yφ;r ] and
T
T
, . . . , yφ;α,f
]T
Yp = [yp;1 , . . . , yp;r ], where yφ;α = [yφ;α,1
T
T
and yp;α = [yp;α,1
, . . . , yp;α,f
]T are the multi-frequency
f s × 1 vectors of DD phase and code observables of baseline α. For the entries of the design matrix (M, N ), we have
M = (e2f ⊗G) and N = (L⊗Is ), with e2f the 2f ×1 vector
of 1’s, G the s × 3 matrix of unit direction vectors that capture the DD relative receiver-satellite geometry and 2f × f
matrix L = [ΛT , 0T ]T , with Λ = diag(λ1 , . . . , λf ) the diagonal wavelength matrix, having the entries λj = c/fj ,
j = 1, . . . , f (c is the speed of light; fj is the jth frequency).
The dispersion of the GNSS array data matrix is assumed given by the 2f sr × 2f sr variance matrix
D(vec(Y )) = QY Y = P ⊗ Q

||vec(Y − [M, N ][X T , Z T ]T )||2QY Y

T

−1

||vec(X̌uc − RB)||2QX̌
Řuc = arg min
3×q

uc X̌uc

R∈O

This nonlinear least-squares problem can be solved using
one of the iterative descent methods, see e.g. [24].
4.2

The affine-constrained attitude model
The affine-constrained GNSS attitude model is defined
in [20] as
E(Y ) = M X +N Z , XS = 0 , D(vec(Y )) = P ⊗Q (5)
with X ∈ R3×r , Z ∈ Zf s×r and where S is an r × (r − q)
basis matrix of the null space of B. This model is called
affine-constrained, since the linear matrix constraint XS =
0 is equivalent to considering X = RB as an affine transformation between body- and reference-frame, see [20].
The multivariate LS-solution of model (5) is given as

(2)

with D(.) the dispersion operator, P = DrT Dr and Q =
blockdiag(If ⊗Qφ , If ⊗Qp ), with Qφ and Qp the variancematrices of the between-satellite single-differenced phase
and code observables. The r × (r + 1) differencing matrix
DrT transforms between-satellite single-differenced observables into DD observables. For example, if the first antenna
is taken as reference (master), then DrT = [−er , Ir ].

T
T T
, Žac
] =
[X̌ac

arg min
X∈R3×r ,Z∈Zf s×r ,XS=0

||vec(Y − [M, N ][X T , Z T ]T )||2QY Y

(6)
Note that there are now two type of constraints involved.
The linear constraints on the baseline matrix X (XS = 0)
and the integer constraints on the ambiguity matrix Z (Z ∈
Zf s×r ). Although both type of constraints play an important role in strengthening the attitude model, the role they
have to play is different. The primary purpose of the integer
constraints is to be able to determine a precise attitude solution, while that of the linear constraints is to ensure that this
can be done with sufficient probability of success.
Once the estimate X̌ac of (6) is available, an estimate
of the attitude-matrix R can be determined similar to (4),
i.e. the role of X̌uc , QX̌uc X̌uc is replaced by X̌ac , QX̌ac X̌ac .

4

Three Different GNSS Attitude Models
In this section we briefly describe three different GNSS
attitude models [17, 18, 19, 20, 21]. Let the dimension of
the span of the r between-antenna baselines be q ≤ r and
let the known baseline coordinates in the body-frame be collected in the q × r matrix B. Then X = RB, R ∈ O3×q , in
which O3×q denotes the set of 3 × q matrices of which the
q column vectors form an orthonormal span. The three attitude models differ in how use is made of the a priori given
body-frame antenna-geometry in the relation X = RB.
They are referred to as the unconstrained attitude model, the
affine-constrained attitude model and the orthonormalityconstrained attitude model.

4.3

The orthonormality-constrained attitude model
The orthonormality-constrained GNSS attitude model
is defined in [21] as

4.1

The unconstrained attitude model
In this case, the relation X = RB is not used in solvFooter:
ing the multivariate array model (1). It is only used for

E(Y ) = M X + N Z , X = RB , D(vec(Y )) = P ⊗ Q
(7)
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with X ∈ R3×r , R ∈ O3×q and Z ∈ Zf s×r . Its multivariate LS-solution is given as

and the orthonormality-constrained ILS ambiguity solution
is given as

[X̌ T , Ž T ]T =
arg min
X=RB,Z∈Zf s×r ,R∈O3×q

+ ||vec(X̂(Z)PS )||2Q
X̂(Z)X̂(Z)

⊥
2
+ ||vec(X̂(Z)PS − Ř(Z)B)||Q
X̂(Z)X̂(Z)
(13)
.
with Ř(Z) = arg min||vec(X̂(Z)PS⊥ − RB)||2Q
arg min ||vec(Ẑ −

||vec(Y − [M, N ][X T , Z T ]T )||2QY Y

Z∈Zf s×r

(8)
Again two type of constraints involved. But the linear constraints of (5) have now been replaced by the nonlinear orthonormality constraints of (7).
The above three attitude models, (1), (5) and (7), differ
in the way they make use of the given body-frame antennageometry. Model (1) is the weakest as it does not use this
information for solving X and Z. Model (7) is the strongest
as it uses the full information provided by the relation X =
RB.

Theorem (Multivariate orthogonal decomposition) Let X̂,
Ẑ be the float solution of the array model (1) and let Ê =
Y −M X̂−N Ẑ be the corresponding matrix of LS-residuals.
Furthermore, let X̂(Z) = (M T Q−1 M )−1 M T Q−1 [Y −
N Z] and X = RB. Then the multivariate LS objective
function can be orthogonally decomposed as,
||vec(Y − M X − N Z)||2QY Y = ||vec(Ê)||2QY Y +
Ẑ Ẑ



+ ||vec(X̂(Z) − X)||2Q

X̂(Z)X̂(Z)

Note that the ambiguity objective function of Žuc is
part of that of Žac , while its ambiguity objective function is
again part of that of Ž. In the ambiguity objective function
of Žuc (cf. 11) only the distance of Z to Ẑ is weighted,
while in the ambiguity objective function of Žac (cf. 12)
also the violation of the affine-constraint XS = 0 is weighted.
It is this additional term which gives Žac a higher successrate than Žuc .
Since the ambiguity objective functions of both Žuc
and Žac are quadratic forms in the entries of Z, both minimization problems (11) and (12) can be solved by means of
the standard LAMBDA method. This is not the case with
the ambiguity objective function of (13). Due to the nonlinear orthonormality constraint, the presence of the third term
on the right-hand side of (13) makes this ambiguity objective function nonquadratic in Z. Hence, instead of the standard LAMBDA method, the multivariate-constrained (MC-)
LAMBDA method needs to be applied to compute Ž. The
presence of the third term on the right-hand side of (13)
gives Ž a higher success-rate than Žac .
In the next section we will analyse the success-rate
performances of Žuc , Žac and Ž for an array of multiple
low-cost receiver/antennas.

Multivariate Integer Ambiguity Resolution
To show how the multivariate ambiguity objective functions of the three models compare, we make use of the following theorem.

||vec(Ẑ − Z)||2Q

Z)||2Q
Ẑ Ẑ

R∈O3×q

4.4



Ž =



X̂(Z)X̂(Z)

(9)
with
||vec(X̂(Z) − X)||2Q

X̂(Z)X̂(Z)

= ||vec(X̂(Z)PS )||2Q

X̂(Z)X̂(Z)

+ ||vec(X̂(Z)PS⊥ − RB)||2Q

X̂(Z)X̂(Z)

(10)
I −PS are the orthogonal projectors
S P and PS⊥ = P −1 B T (BP −1 B T )−1 B,

PS⊥ =
−1 T

in which PS and
PS = S(S T P S)
respectively.

Proof The proof is given in [20].

5 The U-Blox Array Experiment
To test the three multivariate integer ambiguity estimators Žuc , Žac and Ž, with low-cost antenna/receivers, an
experiment with u-blox receivers was conducted at Curtin
University, Perth, Australia, on 23 May 2011. Nine u-blox
AEK-4T receivers were connected to nine ANN-MS-0-005
type patch antennas, which were mounted on a frame (Figure 1). As shown in Figure 2, antennas were placed symmetrically forming a planar array. Observations are collected
for about two and a half hours with a 10 Hz sampling rate.

When (9) and (10) are substituted into (3), (6) and (8), the
three different ambiguity matrix ILS solutions Žuc , Žac and
Ž follow. The unconstrained ILS ambiguity solution is given
as
(11)
Žuc = arg min ||vec(Ẑ − Z)||2QẐ Ẑ
Z∈Zf s×r

while the affine-constrained ILS ambiguity solution reads


arg min ||vec(Ẑ −

Z∈Zf s×r

Žac =
Z)||2Q
Ẑ Ẑ

+ ||vec(X̂(Z)PS )||2Q



Fig. 1: The u-blox antenna frame.

X̂(Z)X̂(Z)

Footer:
(12)
The skyplot with elevation cut-off of 10◦ is shown in
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Figure 3, while Figure 4 shows the number of tracked satellites and their PDOP. We assumed the following elevation
dependent model ([25]) for the standard deviation of the undifferenced single frequency L1 phase and code observables



−θ
σ0 1 + a0 exp
θ0

=

(14)
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Fig. 3: Sky plot with 10◦ elevation cut-off.
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On double-differenced and transformed spectra

To understand and illustrate the impact of the affine
constraints, figures 5 and 6 show the linear array, unconstrained and affine-constrained, double-differenced (DD) and
transformed spectra of conditional ambiguity standard deviations for a representative epoch and for varying number of
baselines (r = 1, 2, 3, 4). Since 7 satellites are tracked in
this case, there are 6 × r single-frequency DD ambiguities.
In the unconstrained case, the DD-spectra all start at
about 10 cycle, while for the affine-constrained case, they
start at 10 cycle for r = 1, but then gradually start at lower
values as the number of baselines, and therefore also the
number of constraints, increases. This is due to the fact that
the affine-constrained model gets stronger the more baselines are used. We also note, when comparing the unconstrained spectra (figure 5) with their affine-constrained counterparts (figure 6), that the affine-constrained DD-spectra
only have one big discontinuity, while in the unconstrained
case the number of discontinuities increases with the number of baselines. This is due to the fact that in the unconstrained case 3 × r DD ambiguities need to be known before the remaining ambiguities can be determined with a
high precision, while only 3 × 1 DD ambiguities are needed
for the affine-constrained model. As a consequence of the
fact that the affine-constrained spectra only have one discontinuity (from 3rd to 4th ambiguity), their transformed
flat spectra will all be smaller than that of the unconstrained
model. For r = 4, for instance, the transformed spectrum is
at the level of 0.1-0.2 cycle, compared to the 0.8 cycle for
the unconstrained case.
The geometric mean of the conditional ambiguity standard deviations is given by the ADOP (Ambiguity Dilution
of Precision) [26, 27],

where θ is the elevation angle and a0 = 2, θ0 = 10◦ , σ0 =
1.1 m for the code observations and σ0 = 0.007 m for the
phase observations.

33

104000 106000
GPS Time [s]

Fig. 4: Number of tracked satellites for 10◦ elevation cut-off
and their PDOP.

Fig. 2: The u-blox antenna geometry.

σθ

PDOP

Number of satellites

8

The linear u-blox array

In this section we consider the performance of the linear u-blox array by analysing the spectra of conditional standard deviations, the ADOP, the success-rate and the linear
arrayFooter:
u-blox angular precision.

ADOP =
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Fig. 5: Linear array, unconstrained spectrum of conditional
standard deviations for r = 1, 2, 3, 4, from top to bottom.
(red: double-differenced parametrization; blue: decorrelated parameterization).
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The linear array success-rates

Table 1 shows the single-epoch u-blox linear array success rates for the three different constrained cases. As was
already clear from the ADOP, one cannot have successful
ambiguity resolution in the unconstrained case. In fact, due
to the increase in ambiguity dimension, the unconstrained
Footer: get smaller as more receivers are used. The
success-rates

Fig. 7: The single-frequency, single-epoch, affineconstrained ADOP for r = 1, 2, 3, 4 as function of time.

MC-LAMBDA success-rates, on the other hand, are excellent. Already with three receivers the ambiguities of all
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Fig. 6: Linear array affine-constrained spectrum of conditional standard deviations for r = 1, 2, 3, 4, from top to bottom (red: double-differenced parametrization; blue: decorrelated parameterization).

with Qââ the n × n ambiguity variance matrix. This easyto-compute diagnostic measure has the advantage of being
invariant for admissible integer ambgiuity transformations.
Hence, it is a scalar diagnostic that measures the intrinsic
precision of the ambiguities. The affine-constrained ADOP
is shown in figure 7 as function of time. It shows the large
reduction in ADOP-value when the affine-constraint gets
into effect and then the gradual further decrease as the number of constraints increases.
5.1.2
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r

Receivers
2-8
1-7
2-8-5
1-7-6
2-8-5-4
1-7-6-4
2-8-5-4-9
1-7-6-4-3

1
2
3
4

UC (%)
2.99
4.43
0.36
0.88
0.01
0.13
0.00
0.13

LAMBDA
AC (%)
2.99
4.43
89.57
96.37
92.62
96.74
93.41
97.52

6 Conclusions
In this contribution we described three different GNSS
attitude models: the unconstrained model, the affine constrained and the multivariate nonlinear constrained model.
The instantaneous ambiguity resolution performance of these
three models was compared using data of low-cost receivers
on a linear array. Although MC-LAMBDA has superior
performance, it is shown that with only a few low-cost receiver/antennas also the low-complexity affine-constrained
method can reach large single-frequency, single-epoch, success rates.

MC (%)
58.16
87.14
100
100
100
100
100
100

Table 1: Linear array, single-frequency, single-epoch, ublox unconstrained (UC), affine-constrained (AC), and multivariate constrained (MC) ambiguity success rates (61601
samples)
r

Receivers
2-8
1-7
2-8-5
1-7-6
2-8-5-4
1-7-6-4
2-8-5-4-9
1-7-6-4-3

1
2
3
4

σ̂H
(o )
0.18
0.16
0.19
0.16
0.19
0.15
0.18
0.14

σ̂E
(o )
0.40
0.49
0.41
0.43
0.40
0.41
0.37
0.34
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