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Abstract
Global NavigationSatelliteSystemcarrierphaseambiguityreso-
lution is the key to high precisionpositioningandnavigation. In
this contribution a brief review is givenof theprobabilistic theory
of integer carrierphaseambiguityestimation.Variousambiguity
estimatorsarediscussed.Among themarethe estimatorsof inte-
ger rounding, integer bootstrapping,integer least-squaresandthe
Bayesiansolution. We alsodiscussthe various relationshipsthat
exist betweentheseestimators.

1. INTR ODUCTION

GlobalNavigationSatelliteSystem(GNSS)ambiguityresolution
is theprocessof resolvingtheunknowncycle ambiguitiesof dou-
ble difference(DD) carrierphasedataas integers. The solepur-
poseof ambiguityresolutionis to usethe integer ambiguitycon-
straintsas a meansof improving significantly on the precision
of the remainingmodelparameters,suchasbaselinecoordinates
and/oratmospheric(troposphere,ionosphere)delays.

Ambiguity resolutionappliesto a greatvarietyof currentand
future GNSSmodels. Thesemodels may differ greatly in com-
plexity anddiversity. They rangefromsingle-baselinemodelsused
for kinematicpositioningto multi-baselinemodelsusedasa tool
for studyinggeodynamicphenomena. Themodels mayor maynot
have the relative receiver-satellitegeometryincluded. They may
alsobe discriminatedas to whetherthe slave receiver(s)aresta-
tionaryor in motion. Whenin motion,onesolvesfor oneor more
trajectories,since with the receiver-satellitegeometryincluded,
onewill have new coordinateunknownsfor eachepoch.Onemay
alsodiscriminatebetweenthemodelsasto whetheror not thedif-
ferentialatmosphericdelays(ionosphereandtroposphere)arein-
cludedasunknowns. In thecaseof sufficiently shortbaselinesthey
areusuallyexcluded.

Apartfrom thecurrentGlobalPositioningSystem(GPS)mod-
els, carrierphaseambiguity resolutionalsoappliesto the future
modernizedGPSandthefutureEuropeanGalileoGNSS.An over-
view of GNSSmodels,togetherwith their applicationsin survey-
ing, navigation, geodesyand geophysics,can be found in text-

books suchas [Hofmann-Wellenhof et al., 1997], [Leick, 1995],
[ParkinsonandSpilker, 1996], [StrangandBorre, 1997]and[Te-
unissenandKleusberg,
1998].

In this contribution we review the probabilistic theoryfor in-
tegercarrierphaseambiguityestimation.It is thekey to high pre-
cision GNSSpositioningandnavigation. This contribution is or-
ganizedasfollows. In section2 we introduceageneralclassof in-
tegerambiguity estimators,determinetheirprobability massfunc-
tions andshow how their variability affect the uncertaintyin the
computedGNSSbaselines.This theoryis worked out in sections
3 and4 for two of themostimportantintegerambiguityestimators.
In section3 wediscussthepropertiesof integerbootstrapping and
in section4 thoseof integer least-squares.In the final section,
section5, we discusstheBayesiansolutionto carrierphaseambi-
guity resolution.AlthoughtheBayesianapproachhasnot yet find
a wide-spreadusein any of theGNSSapplications,thebasiccon-
ceptsinvolved areof interestin their own right. Wherepossible,
thevariousambiguityestimationprinciplesarecompared.

2. INTEGER AMBIGUITY RESOLUTION

2.1. The GNSSmodel

As our point of departurewe will take the following systemof
linear(ized)observationequations

y � Aa
�

Bb
�

e (1)

wherey is the given GNSSdatavector of order m, a and b are
theunknown parametervectorsrespectively of ordern andp, and
wheree is thenoisevector. In principleall theGNSSmodelscan
be castin this frameof observationequations.The datavectory
will usuallyconsistof the ’observed minuscomputed’ single-or
dual-frequency double-difference(DD) phaseand/orpseudorange
(code)observationsaccumulatedover all observation epochs. The
entriesof vectora arethenthe DD carrierphaseambiguities, ex-
pressedin units of cycles ratherthanrange. They areknown to
be integers, a � Zn. The entriesof the vector b will consistof
the remainingunknown parameters,suchasfor instancebaseline
components(coordinates)andpossiblyatmosphericdelayparame-
ters(troposphere,ionosphere).They areknown to bereal-valued,
b � Rp.

Theprocedurewhichis usuallyfollowedfor solvingtheGNSS
model (1), can be divided into threesteps. In the first stepone
simplydisregardstheintegerconstraintsa � Zn ontheambiguities



andperformsa standardleast-squaresadjustment.As a resultone
obtainsthe (real-valued)estimatesof a andb, togetherwith their
variance-covariance(vc-) matrix�

â
b̂ ��� � Qâ Qâb̂

Qb̂â Qb̂ � (2)

This solution is referredto as the ’float’ solution. In the second
stepthe’float’ ambiguity estimateâ is usedto computethecorre-
sponding integer ambiguityestimateǎ. This implies that a map-
ping S : Rn �� Zn, from the n-dimensionalspaceof realsto the
n-dimensional spaceof integers,is introducedsuchthat

ǎ � S	 â
 (3)

Oncethe integer ambiguities arecomputed,they areusedin the
third stepto finally correctthe’float’ estimateof b. As aresultone
obtainsthe’fix ed’ solution

b̌ � b̂ � Qb̂âQ � 1
â 	 â � ǎ
 (4)

In thepresentreview we will primarily focusour attentionon the
probabilisticpropertiesof (3) and(4).

2.2. Admissible integer estimation

Therearemany waysof computinganintegerambiguityvectorǎ
from its real-valuedcounterpart â. To eachsuchmethodbelongsa
mappingS : Rn �� Zn from the n-dimensionalspaceof real num-
bersto the n-dimensional spaceof integers. Due to the discrete
natureof Zn, themapSwill notbeone-to-one,but insteadamany-
to-onemap.This impliesthatdifferentreal-valuedambiguityvec-
torswill bemapped to thesameintegervector. Onecantherefore
assigna subsetSz 
 Rn to eachintegervectorz � Zn:

Sz
��� x � Rn � z � S	 x
�� � z � Zn (5)

The subsetSz containsall real-valuedambiguityvectorsthatwill
be mappedby S to the sameinteger vector z � Zn. This subset
is referredto asthe pull-in region of z [Jonkman, 1998]. It is the
region in which all ambiguity ’float’ solutionsare pulled to the
same’fix ed’ ambiguity vectorz. Usingthepull-in regions,onecan
giveanexplicit expressionfor thecorresponding integerambiguity
estimator. It reads

ǎ � ∑
z� Zn

zsz 	 â
 (6)

with theindicatorfunction

sz 	 â
 ��� 1 if â � Sz
0 otherwise

Sincethe pull-in regionsdefinethe integer estimatorcompletely,
onecandefineclassesof integer estimatorsby imposingvarious
conditionson thepull-in regions. Onesuchclassis referredto as
theclassof admissibleintegerestimators.Theseintegerestimators
aredefinedasfollows.

Definition 1
Theintegerestimatorǎ � ∑z� Zn zsz 	 â 
 is saidto beadmissibleif	 i 
 � z� Zn Sz

� Rn	 ii 
 Int 	 Sz1 
�� Int 	 Sz2 
 � /0 ��� z1 �� z2 � Zn	 iii 
 Sz
� z

�
S0 ��� z � Zn

Thisdefinitionis motivatedasfollows. Eachoneof theabovethree
conditionsdescribea propertyof which it seemsreasonable thatit
is possessedby anarbitraryintegerambiguityestimator. Thefirst
condition statesthat thepull-in regionsshouldnot leave any gaps
andthesecond that they should not overlap. Theabsenceof gaps
is neededin order to be able to map any ’float’ solution â � Rn

to Zn, while the absenceof overlapsis neededto guarantee that
the ’float’ solutionis mappedto just oneintegervector. Notethat
we allow the pull-in regions to have commonboundaries. This
is permittedif we assumeto have zeroprobability that â lies on
oneof theboundaries.This will be thecasewhentheprobability
densityfunction(pdf) of â is continuous.

Thethird andlastconditionfollows from therequirement that
S	 x � z
 � S	 x
 � z��� x � Rn � z � Zn. Also this condition is a rea-
sonable oneto askfor. It statesthatwhenthe’float’ solutionis per-
turbedby z � Zn, the corresponding integer solutionis perturbed
by thesameamount.Thispropertyallowsoneto applythe integer
remove-restore technique:S	 â � z
 � z � S	 â
 . It thereforeallows
oneto work with thefractionalpartsof theentriesof â, insteadof
with its completeentries.

With the division of Rn into mutually exclusive pull-in re-
gions,we arenow in the position to considerthe distribution of
ǎ. This distribution is of the discrete type andit will be denoted
asP 	 ǎ � z
 . It is a probability massfunction,having zeromasses
at nongrid pointsandnonzeromassesat someor all grid points.
If we denotethe continuous probability densityfunction of â as
pâ 	 x
 , thedistribution of ǎ follows as

P 	 ǎ � z
 ���
Sz

pâ 	 x
 dx � z � Zn (7)

Thisexpressionholdsfor any distribution the’float’ ambiguitiesâ
might have. In mostGNSSapplicationshowever, oneassumesthe
vectorof observablesy to be normally distributed. The estimator
â is thereforenormallydistributedtoo, with meana � Zn andvc-
matrix Qâ. Its probabilitydensityfunctionreads

pâ 	 x
 � 1 
det	 Qâ 
!	 2π 
 1

2n
exp � � 1

2 " x � a " 2Qâ
� (8)

with the squaredweightednorm "$#%" 2Qâ

� 	 # 
 TQ � 1
â 	 # 
 . Note that

P 	 ǎ � a
 equalstheprobabilityof correct integerambiguityesti-
mation.It describestheexpectedsuccessrateof GNSSambiguity
resolution.

2.3. The baselinesolution

Wearenow in thepositionto determinethepdf of the’fix ed’ base-
line estimator(4). In order to determinethis pdf, one needsto
propagatetheuncertaintyof the’float’ solution,â andb̂, aswell as
the uncertaintyof the integer solution ǎ through(4). Shouldone
neglect therandomcharacterof the integersolutionandtherefore
consider theambiguityvectorǎ asdeterministicandequalto, say,
z, thenthepdf of b̌ would equaltheconditionalbaselinedistribu-
tion

pb̂ & â 	 x � z
 � exp� � 1
2 " x � b 	 z
 " 2Qb̂ ' â �(

detQb̂ & â 	 2π 
 1
2 p

(9)

with conditional meanb 	 z
 � b � Qb̂âQ � 1
â 	 a � z
 , conditionalvari-

ancematrix Qb̂ & â � Qb̂ � Qb̂âQ� 1
â Qâb̂ and ")#%" 2Qb̂ ' â � 	 # 
 TQ� 1

b̂ & â 	 # 
 .
However, sinceǎ is random andnot deterministic,theconditional



baselinedistribution will give a too optimistic descriptionof the
quality of the ’fix ed’ baseline.To get a correctdescriptionof the
’fix ed’ baseline’spdf, theintegerambiguity’spmf needsto becon-
sidered.As thefollowing theoremshows this resultsin a baseline
distribution,which generallywill bemulti-modal.

Theorem 1 (Pdfof the’fixed’ baseline)
Let the’float’ solution,â andb̂, benormallydistributedwith mean
a � Zn andmeanb � Rp, andvc-matrix(2), let ǎ beanadmissible
integer estimatorandlet the ’fix ed’ baselineb̌ be given asin (4).
Thepdf of b̌ readsthen

pb̌ 	 x
 � ∑
z� Zn

pb̂ & â 	 x � z
 P 	 ǎ � z
 (10)

Notethat,althoughthemodel(1) is linearandtheobservablesnor-
mally distributed,thedistributionof the’fix ed’ baselineis notnor-
mal, but multi-modal. As the theoremshows, the ’fix ed’ baseline
distributionequalsaninfinitesumof weightedconditional baseline
distributions. Theseconditionalbaselinedistributions pb̂ & â 	 x � z

areshiftedversionsof oneanother. The sizeanddirectionof the
shift is governedby Qb̂âQ� 1

â z, z � Zn. Eachof the conditional
baselinedistributionsin the infinite sumis downweighted. These
weightsaregiven by theprobability massesof thedistribution of
the integer bootstrappedambiguityestimatorǎ. This shows that
thedependenceof the’fix ed’ baselinedistributionon thechoiceof
integerestimatoris only felt throughtheweightsP 	 ǎ � z
 .
2.4. On the quality of the ’fixed’ baseline

In orderto describethequality of the ’fix ed’ baseline,onewould
like to know how closeonecanexpect the baselineestimatěb to
be to the unknown, but true baselinevalue b. As a measureof
confidence,we take

P 	 b̌ � R
 � �
R

pb̌ 	 x
 dx with R 
 Rp (11)

But in orderto evaluatethisintegral,wefirst needto makeachoice
abouttheshapeandlocationof thesubsetR. Sinceit is common
practicein GNSSpositioningto usethe vc-matrix of the condi-
tional baselineestimatorasa measureof precisionfor the ’fix ed’
baseline,thevc-matrixQb̂ & â will beusedto definetheshapeof the
confidence region. For its location,we choosetheconfidence re-
gion to becenteredat b. After all, we would like to know by how
much the baselineestimateb̌ canbe expectedto differ from the
true,but unknown baselinevalueb. Thatis, onewould like (11) to
be a measureof the baseline’s probability of concentrationabout
b.

With thesechoiceson shapeandlocation,the region R takes
theform

R �*� x � Rp � 	 x � b
 T Q� 1
b̂ & â 	 x � b
,+ β2 � (12)

The sizeof the region canbe variedby varying β. The follow-
ing theoremshowshow thebaseline’sprobability of concentration
(11) canbe evaluated asa weightedsumof probabilitiesof non-
centralChi-squaredistributions.

Theorem 2 (The’fixed’ baseline’s probability of concentration)
Let b̌ bethe’fix ed’ baselineestimator, let R bedefinedasin (12),
andletχ2 	 p � λz 
 denotethenoncentralChi-squaredistributionwith

p degreesof freedomandnoncentrality parameterλz. Then

P 	 b̌ � R
 � ∑
z� Zn

P 	 χ2 	 p � λz 
-+ β2 
 P 	 ǎ � z
 (13)

with
λz
� " ∇b̌z " 2Qb̂ ' â and ∇b̌z

� Qb̂âQ� 1
â 	 z � a


This resultshows that theprobability of the ’fix ed’ baselinelying
insidetheellipsoidalregion R centeredat b equalsaninfinite sum
of probability products. If oneconsiders the two probabilities of
theseproductsseparately, two effectsareobserved.First theprob-
abilistic effect of shifting theconditionalbaselineestimatoraway
from b andsecondly the probabilisticeffect of the peakednessor
nonpeakednessof theambiguitypmf. Thesecondeffect is related
to the expectedperformanceof ambiguity resolution,while the
first effecthasto dowith thesensitivity of thebaselinefor changes
in the valuesof the integer ambiguities. This effect is measured
by the noncentrality parameterλz. Sincethe tail of a noncentral
Chi-squaredistribution becomesheavier when the noncentrality
parameterincreases,while the degreesof freedomremainfixed,
P 	 χ2 	 p � λz 
-+ β2 
 getssmallerwhenλz getslarger.

Thetwo probabilities in theproduct reachtheirmaximumval-
ueswhen z � a. The following corollary shows how thesetwo
maximacanbeusedto lower bound andto upperbound theprob-
ability P 	 b̌ � R
 . Suchboundsareof importancefor practicalpur-
poses,sinceit is difficult in generalto evaluate(13) exactly.

Corollary 1 (Lowerandupper bounds)
Let b̌ be the ’fix ed’ baselineestimatorandlet R be definedasin
(12). Then

P 	 b̂ & â. a � R
 P 	 ǎ � a
,+ P 	 b̌ � R
/+ P 	 b̂ & â. a � R
 (14)

with
P 	 b̂ & â. a � R
 � P 	 χ2 	 p � 0
-+ β2 


Notethatthetwo bounds relatetheprobability of the’fix ed’ base-
line estimatorto that of the conditionalestimatorand the boot-
strappedsuccesrate. The above bounds becometight when the
ambiguity successrateapproaches one. This shows, althoughthe
probability of the conditional estimatoralwaysoverestimatesthe
probability of the’fix ed’ baselineestimator, thatthetwo probabil-
itiesareclosefor largevaluesof thesuccessrate.This impliesthat
in caseof GNSSambiguityresolution,oneshould firstevaluatethe
successrateP 	 ǎ � a
 andmake surethatits valueis closeenough
to one, beforemaking any inferenceson the basisof the distri-
bution of the conditionalbaselineestimator. In otherwords, the
(unimodal) distribution of the conditionalestimatoris a goodap-
proximationto the (multimodal)distribution of the bootstrapped
baselineestimator, when the successrate is sufficiently closeto
one.

3. INTEGER BOOTSTRAPPING

3.1. The bootstrappedestimator

Thedistributionalresultspresentedsofar hold for any admissible
ambiguity estimator. Thesimplestway to obtainanintegervector
from thereal-valued’float’ solutionis to roundeachof theentries



of â to its nearestinteger. The corresponding integer estimator
readstherefore

ǎR
� 	�0 â1 1 � #2#3# � 0 ân 1 
 T (15)

where’[.]’ denotesroundingto the nearestinteger. The pull-in
region of this integer estimatorequalsthe multivariateversionof
theunit-square.

Another relatively simple integer ambiguity estimatoris the
bootstrapped estimator. The bootstrapped estimatorcan be seen
asa generalizationof theprevious estimator. It still makesuseof
integerrounding, but it alsotakessomeof thecorrelationbetween
theambiguitiesinto account. Thebootstrappedestimatorfollows
from a sequential conditional least-squaresadjustmentand it is
computedasfollows. If n ambiguitiesareavailable,onestartswith
the first ambiguityâ1, androunds its valueto thenearestinteger.
Having obtainedthe integervalueof this first ambiguity, thereal-
valuedestimatesof all remainingambiguitiesarethencorrectedby
virtue of their correlationwith the first ambiguity. Thenthe sec-
ond,but now corrected,real-valuedambiguityestimateis rounded
to its nearestinteger. Having obtainedthe integer value of the
secondambiguity, thereal-valuedestimatesof all remainingn � 2
ambiguitiesare then againcorrected,but now by virtue of their
correlationwith the secondambiguity. This processis continued
until all ambiguitiesareconsidered. We thushave the following
definition.

Definition 2 (Integer bootstrapping)
Let â � 	 â1 � #2#2# � ân 
 T � Rn be the ambiguity ’float’ solutionand
let ǎB

� 	 ǎB 4 1 � #3#2# � ǎB 4 n 
 T � Zn denotethe corresponding integer
bootstrapped solution. The entriesof the bootstrapped ambiguity
estimatorarethendefinedas

ǎB 4 1 � 0 â1 1
ǎB 4 2 � 0 â2 & 1 1 � 0 â2 � σ21σ � 2

1 	 â1 � ǎB 4 1 
 1
...

ǎB 4 n � 0 ân &N 1 �0 ân � ∑n � 1
j . 1 σn 4 j & Jσ � 2

j & J 	 â j & J � ǎB 4 j 
 1 (16)

where560 # 1 5 denotestheoperationof rounding to thenearestinteger,
andσi 4 j & J denotesthe covariancebetweenâi andâj & J, andσ2

j & J is
the varianceof âj & J. The shorthandnotation âi & I standsfor the
ith least-squaresambiguityobtainedthroughaconditioning on the
previous I �*� 1 � #2#2# � 	 i � 1
2� sequentiallyroundedambiguities.

Note that thebootstrapped estimatoris not unique. Changing the
order in which the ambiguitiesappearin vector â will already
producea differentbootstrapped estimator. Although the princi-
ple of bootstrappingremainsthesame,every choiceof ambiguity
parametrizationhasits own bootstrappedestimator.

3.2. The bootstrappedpull-in regions

Thepull-in regionsfor roundingareunit-cubescentredat integer
grid points.For bootstrapping theshapeof thepull-in regionswill
dependon the vc-matrix of the ambiguities. They will coincide
with the unit- cubesonly in casethe vc-matrix is a diagonalma-
trix. Bootstrappingreducesnamelyto roundingin theabsence of
any correlationbetweenthe ambiguities. The following theorem
givesa descriptionof thebootstrappedpull-in regionsin thegen-
eralcase.

Theorem 3 (Bootstrappedpull-in regions)

Thepull-in regionsof thebootstrappedambiguityestimatorǎB
�	 ǎB 4 1 � #2#2# � ǎB 4 n 
 T � Zn aregivenas

SB 4 z �*� x � Rn �7� cT
i L � 1 	 x � z
 � + 1

2 � i � 1 � n� (17)� z � Zn whereL denotesthe uniqueunit lower triangularmatrix
of theambiguityvc-matrix’ decompositionQâ

� LDLT andci de-
notesthe ith canonical unit vectorhaving a 1 asits ith entry and
zerosotherwise.

That thebootstrappedestimatoris indeedadmissible,cannow be
seenasfollows. Thefirst two conditionsof Definition 1 areeasily
verified usingthe definition of the bootstrapped estimator. Since
every real-valued vector â will be mappedby the bootstrapped
estimatorto an integer vector, the pull-in regions SB 4 z cover Rn

without any gaps.Thereis alsono overlapbetweenthepull-in re-
gions,since- apartfrom boundary ties - any real-valuedvectorâ
is mappedto not morethanoneinteger vector. To verify the last
condition of Definition 1, we make useof (17). From

SB 4 z �� x � Rn �7� cT
i L � 1 	 x � z
 � + 1

2 � i � 1 � n � �� x � Rn �7� cT
i L � 1y � + 1

2 � x � y
�

z � i � 1 � n� �
SB 4 0 � z

it followsthatall bootstrappedpull-in regionsaretranslatedcopies
of SB 4 0. All pull-in regionshave thereforethesameshapeandthe
samevolume. Their volumesall equal1. This canbe shown by
transformingSB 4 0 to theunit cubecenteredat theorigin. Consider
thelineartransformationy � L � 1x. Then

L � 1 	 SB 4 0 
 �*� y � Rn �7� cT
i y � + 1

2 � i � 1 � #2#2# � n�
equalstheunit cubecenteredat theorigin. Sincethedeterminant
of the unit lower triangularmatrix L � 1 equalsoneandsincethe
volumeof the unit cubeequalsone,it follows that the volumeof
SB 4 0 mustequaloneaswell. To infer theshapeof thebootstrapped
pull-in region,we considerthetwo-dimensional casefirst. Let the
lower triangularmatrixL begivenas

L � �
1 0
l 1 �

Then

SB 4 0 � � x � R2 �7� cT
i L � 1x � + 1

2 � i � 1 � 2 �� � x � R2 �7� x1
� + 1

2 � � x2 � l x1
� + 1

2 �
which shows thatthetwo-dimensional pull-in region equalsa par-
allellogram. Its region is boundedby the two vertical lines x1

�
18 2 and x1

� � 18 2, and the two parallel slopesx2
� l x1

�
18 2

and x2
� l x1 � 18 2. The direction of the slope is governedby

l � σ21σ � 2
1 . Hence,in the absenceof correlationbetweenthe

two ambiguities,theparallellogramreducesto theunit square.In
higherdimensionstheaboveconstruction of thepull-in regioncan
be continued. In threedimensionsfor instance,the intersection
of thepull-in region with thex1x2-planeremainsaparallellogram,
while alongthe third axis thepull-in region becomesboundedby
two parallelplanes.



3.3. The bootstrappedpmf

Sincetheintegerbootstrappedestimatoris definedasǎB
� z 9;:

â � SB 4 z, it follows that P 	 ǎB
� z
 � P 	 â � SB 4 z 
 . The pmf of ǎB

follows thereforeas

P 	 ǎB
� z
 ���

SB < z pâ 	 x
 dx � z � Zn (18)

Hence,theprobabilitythatǎB coincideswith z is givenby theinte-
gralof thepdf pâ 	 x
 overthebootstrappedpull-in regionSB 4 z 
 Rn.
Theaboveexpression holdsfor any distributionthe’float’ ambigu-
ities â might have. In mostGNSSapplicationshowever, oneusu-
ally assumesthevectorof observablesy to benormallydistributed.
For that casethe following theoremgivesan exact expressionof
thebootstrapped pmf.

Theorem 4 (Theinteger bootstrappedpmf)
Let â be distributedasN 	 a � Qâ 
 , a � Zn, andlet ǎB be the corre-
sponding integerbootstrappedestimator. Then

P 	 ǎB
� z
 � ∏n

i . 1 0Φ 	 1 � 2lT
i = a � z>

2σâi ' I 
� Φ 	 1? 2lT
i = a � z>

2σâi ' I 
@� 11 � z � Zn
(19)

with

Φ 	 x
 � � x� ∞

1A
2π

exp � � 1
2

v2 � dv

andwith li theith columnvectorof theunit lowertriangularmatrix
L � T andσ2

âi ' I the varianceof the ith least-squaresambiguityob-

tainedthrougha conditioningon theprevious I �B� 1 � #2#2# � 	 i � 1
��
ambiguities.

Thebootstrapped pmf equalsa productof univariatepmf’s andis
thereforeeasyto compute. Notethatthebootstrappedpmf is com-
pletelygovernedby theambiguityvc-matrixQâ. Thepmf follows
oncethe triangularfactorL andthe diagonalmatrix D of the de-
compositionQâ

� LDLT aregiven. The above resultalsoshows
thatthebootstrappedpmf is symmetricaboutthemeanof â. This
impliesthatthebootstrappedestimatorǎB is anunbiasedestimator
of a � Zn. Sincethe ’float’ solutions,â and b̂, areunbiased too,
it follows from takingtheexpectationof (4) that thebootstrapped
baselineis alsounbiased.

For the purposeof predictingthe successof ambiguity reso-
lution, theprobability of correctintegerestimationis of particular
interest.For the bootstrapped estimatorthis successrateis given
in thefollowing corollary.

Corollary 2 (Thebootstrappedsuccessrate)
Thebootstrappedprobabilityof correctintegerestimation(thesuc-
cessrate)is givenas

P 	 ǎB
� a
 � n

∏
i . 1
0 2Φ 	 1

2σâi ' I 
@� 11 (20)

The methodof integer bootstrapping is easyto implementandit
doesnot need,asopposedto the methodof integer least-squares
(seenext section),an integersearchfor computing thesought for
integer solution. However, as it wasmentioned earlier, the out-
comeof bootstrappingdependsonthechosenambiguityparametriza-
tion. Bootstrappingof DD ambiguities,for instance,will produce
an integer solutionwhich generallydiffers from the integer solu-
tion obtainedfrom bootstrapping of reparametrizedambiguities.

Sincethis dependency also holds true for the bootstrapped pmf,
onestill hassomeimportantdegreesof freedomleft for improving
(20) or for sharpening thelower boundof (14).

In orderto improve thebootstrapped successrate,oneshould
work with decorrelatedambiguitiesinsteadof with the original
ambiguities.Themethodof bootstrappingperformsrelativelypoor,
for instance,whenappliedto the DD ambiguities.This is dueto
the usuallyhigh correlationbetweenthe DD ambiguities. Boot-
strappingshouldthereforeonly be usedin combination with the
decorrelatingZ-transformationof theLAMBDA method[Teunis-
sen, 1993, 1995].Thistransformationdecorrelatestheambiguities
furtherthanthebestreorderingwouldachieveandtherebyreduces
the valuesof the sequential conditionalvariances. By reducing
thevaluesof thesequentialconditionalvariances,thebootstrapped
successrategetsenlarged.

It mayhoweverhappen thatit is simplynotpossibleto resolve
thecompletevectorof ambiguities with sufficient probability . As
analternativeof resolvingthecompletevectorof ambiguities,one
might then considerresolvingonly a subsetof the ambiguities.
The ideaof partial ambiguity resolutionis basedon the fact that
the successratewill generallyincreasewhen fewer integer con-
straintsareimposed.However, in orderto applypartialambiguity
resolution,one first will have to determinewhich subsetof am-
biguities to choose. It will be clear that this decisionshouldbe
basedon theprecisionof the’float’ ambiguities.Themoreprecise
theambiguities,the larger theambiguitysuccessrate. It is at this
point wherethe decorrelationstepof the LAMBDA methodand
thebootstrapping principlecanbeapplied.Oncethe transformed
anddecorrelatedambiguity vc-matrixis obtained,theconstruction
of thesubsetproceedsin a sequentialfashion.Onefirst startswith
the mostpreciseambiguity, say ẑ1, andcomputesits successrate
P 	 ǎ1

� z1 
 . If this successrateis largeenough,onecontinuesand
determinesthe most precisepair of ambiguities, say 	 ẑ1 � ẑ2 
 . If
their successrateis still largeenough, onecontinuesagainby try-
ing to extendthe set. This procedurecontinuesuntil onereaches
a point wherethe corresponding successratebecomesunaccept-
ably small. When this point is reached,onecan expect that the
previously identifiedambiguitiescanberesolvedsuccessfully.

Oncethesubsetfor partialambiguity resolutionhasbeeniden-
tified, onestill needsto determinewhatthiswill do to improve the
baselineestimator. After all, beingableto successfully resolve the
ambiguities doesnot necessarilymeanthat the ’fix ed’ solutionis
significantlybetterthanthe ’float’ solution. The theorypresented
in theprevioussectionsprovide thenecessarytoolsfor performing
suchanevaluation.

4. INTEGER LEAST-SQUARES

4.1. The ILS estimator

In this sectionwe review someinteger least-squares’theory for
solvingtheGNSSmodel(1). Whenusingtheleast-squaresprinci-
ple, theGNSSmodelcanbesolvedby meansof theminimization
problem

min
a 4 b " y � Aa � Bb " 2Qy � a � Zn � b � Rp (21)

with Qy thevc-matrixof theGNSSobservables.Thistypeof least-
squaresproblemwasfirst introducedin [Teunissen, 1993]andhas
beencoinedwith theterm’ integer least-squares’. It is a nonstan-
dard least-squaresproblemdueto the integer constraintsa � Zn.



The solutionof (21) is consistentwith the threesolutionstepsof
section1. Thiscanbeseenasfollows. It follows from theorthog-
onaldecomposition" y � Aa � Bb " 2Qy

� " ê " 2Qy

� " â � a " 2Qâ� " b̂ 	 a
@� b " 2Qb̂ ' â (22)

with ê � y � Aâ � Bb̂ and b̂ 	 a
 � b̂ � Qb̂âQ � 1
â 	 â � a
 , that the

sought for minimum is obtainedwhen the secondterm on the
right-handsideis minimizedfor a � Zn andthe last termis setto
zero. Theinteger least-squares(ILS) estimatorof theambiguities
is thereforedefinedasfollows.

Definition 3 (Integer least-squares)
Let â � 	 â1 � #3#2# � ân 
 T � Rn betheambiguity ’float’ solutionandlet
ǎLS � Zn denote thecorresponding integer least-squaressolution.
Then

ǎLS
� argmin

z� Zn " â � z " 2Qâ
(23)

In contrastto integer roundingand integer bootstrapping, an in-
teger searchis needed to compute ǎLS. Although we will refrain
from discussingthe computational intricaciesof ILS estimation,
the conceptual stepsof the computationalprocedurewill be de-
scribedbriefly. The ILS procedure is mechanizedin the GNSS
LAMBDA (Least-squaresAMBiguity DecorrelationAdjustment)
method,which is currentlyoneof the mostappliedmethodsfor
GNSScarrierphaseambiguity resolution. For more information
on theLAMBDA method, we referto e.g. [Teunissen, 1993],[Te-
unissen, 1995]and[de Jonge and Tiberius, 1996a]or to the text-
books[Hofmann-Wellenhof, 1997], [StrangandBorre, 1997], [Te-
unissenand Kleusberg, 1998]. Practicalresultsobtainedwith it
canbefound,for example,in [BoonandAmbrosius, 1997], [Boon
et al., 1997], [Cox and Brading, 1999], [de Jonge and Tiberius,
1996b], [de Jonge et al., 1996], [Han, 1995], [Jonkman, 1998],
[Pengetal., 1999],[TiberiusanddeJonge, 1995], [Tiberiusetal.,
1997].

Themainstepsasimplementedin theLAMBDA methodare
asfollows. Onestartsby definingtheambiguitysearchspace

Ωa
��� a � Zn � 	 â � a
 TQ� 1

â 	 â � a
,+ χ2 � (24)

with χ2 a to be chosenpositive constant. The boundary of this
searchspaceis ellipsoidal. It is centredat â, its shapeis gov-
ernedby the vc-matrix Qâ and its size is determinedby χ2. In
caseof GNSS,the searchspaceis usually extremely elongated,
due to the high correlationsbetweenthe ambiguities. Sincethis
extremeelongationusuallyhindersthecomputational efficiency of
thesearch,thesearchspaceis first transformedto amorespherical
shape,

Ωz
�*� z � Zn � 	 ẑ � z
 TQ � 1

ẑ 	 ẑ � z
/+ χ2 � (25)

using the admissibleambiguity transformationŝz � ZT â, Qẑ
�

ZTQâZ. Ambiguity transformationsZ aresaid to be admissible
whenbothZ andits inverseZ � 1 have integerentries.Suchmatri-
cespreserve theintegernatureof theambiguities.In orderfor the
transformedsearchspaceto becomemorespherical,the volume-
preservingZ-transformationisconstructedasatransformationthat
decorrelatesthe ambiguitiesasmuch aspossible. Using the tri-
angulardecomposition of Qẑ, the left-handsideof the quadratic
inequalityin (25) is thenwritten asa sum-of-squares:

n

∑
i . 1

	 ẑi & I � zi 
 2
σ2

i & I + χ2 (26)

On theleft-handsideonerecognizestheconditionalleast-squares
estimator̂zi & I , which follows whentheconditioning takesplaceon
the integersz1 � z2 � #2#2# � zi � 1. Using the sum-of-squaresstructure,
onecanfinally setup then intervalswhichareusedfor thesearch.
Thesesequentialintervalsaregivenas	 ẑ1 � z1 
 2 + σ2

1χ2	 ẑ2 & 1 � z2 
 2 + σ2
2 & 1 C χ2 � = ẑ1 � z1 > 2

σ2
1 D

...

(27)

In orderfor thesearchto beefficient, onenot only would like the
vc- matrix Qẑ to be ascloseaspossibleto a diagonalmatrix, but
alsothat the searchspacedoesnot containtoo many integer grid
points. This requiresthe choiceof a small value for χ2, but one
thatstill guaranteesthat thesearchspacecontainsat leastonein-
teger grid point. Sincethe bootstrappedestimatoris so easyto
compute andat the sametime givesa goodapproximationto the
ILS estimator(seesection4.4),thebootstrappedsolutionis anex-
cellentcandidatefor settingthesizeof theambiguitysearchspace.
Following thedecorrelationstepẑ � ZT â, theLAMBDA-method
thereforeuses,asoneof its options,thebootstrapped solution žB
for settingthesizeof theambiguitysearchspaceas

χ2 � 	 ẑ � žB 
 TQ � 1
ẑ 	 ẑ � žB 
 (28)

In this way onecanwork with a very smallsearchspaceandstill
guaranteethatthesought for integer least-squaressolutionis con-
tainedin it.

4.2. The ILS pull-in region

Thepull-in regionsof integerrounding areunit cubes,while those
of integerbootstrappingaremultivariateversionsof parallellograms.
To determinethe ILS pull-in regionswe needto know the setof
’float’ solutionsâ � Rn that aremapped to the sameinteger vec-
tor z � Zn. This set is describedby all x � Rn that satify z �
argminu � Zn " x � u " 2Qâ

. The ILS pull-in-region that belongs to
theintegervectorz follows thereforeas

SLS4 z �*� x � Rn � " x � z " 2Qâ
+ " x � u " 2Qâ �E� u � Zn � (29)

It consistsof all thosepointswhicharecloserto z thanto any other
integerpoint in Rn. Themetricusedfor measuringthesedistances
is determinedby thevc-matrixQâ. Basedon (29), onecangive a
representationof theILS pull-in regionsthatresemblestherepre-
sentationof thebootstrappedpull-in regions. This representation
readsasfollows.

Theorem 5 (ILS pull-in regions)
The pull-in regionsof the ILS ambiguityestimatorǎLS � Zn are
givenas

SLS4 z �F
ci � Zn � x � Rn �G� cT

i Q� 1
â 	 x � z
 � + 1

2 " ci " 2Qâ
� �� z � Zn

(30)

Thisshows thattheILS pull-in regionsareconstructedfrom inter-
sectinghalf-spaces.Onecanalsoshow that at most2n � 1 pairs
of suchhalf spacesareneededfor constructingthepull-in region.



The ILS pull-in regionsareconvex, symmetricsetsof volume1,
which satisfytheconditionsof Definition 1. TheILS estimatoris
thereforeadmissible.TheILS pull-in regionsarehexagonsin the
two-dimensional case.

4.3. Maximizing the success-rate

Although various integer estimatorsexist which are admissible,
somemay be betterthan others. Having the problemof GNSS
ambiguityresolutionin mind, oneis particularlyinterestedin the
estimatorwhich maximizesthe probability of correctinteger es-
timation. This probability equalsP 	 ǎ � a
 , but it will differ for
differentambiguityestimators.Thefollowing theoremshows that
theILS estimatormaximizestheprobability of correctintegeres-
timation.

Theorem 6 (ILS is optimal)
Let thepdf of the’float’ solutionâ begivenas

pa 	 x
 � (
det	 Q� 1

â 
 G 	 " x � a " 2Qâ

 (31)

whereG : R �� 0 0 � ∞ 
 is decreasingand Qâ is positive-definite.
Then

P 	 ǎLS
� a
-H P 	 ǎ � a
 (32)

for any admissibleestimatorǎ.

This theoremgivesa probabilisticjustificationfor using the ILS
estimator. For GNSSambiguity resolutionit shows, that one is
betteroff usingthe ILS estimatorthanany otheradmissibleinte-
gerestimator. Thefamily of distributionsdefinedin (31), is known
as the family of elliptically contoured distributions. Several im-
portantdistributionsbelongto this family. The multivariatenor-
mal distribution canbe shown to be a memberof this family by
choosingG 	 x
 � 	 2π 
 � n

2 exp � 1
2x � x � R. Anothermemberis the

multivariatet-distribution.
As a direct consequenceof the above theoremwe have the

following corollary.

Corollary 3 (Theeffectof theweightmatrix)
Let Σ beany positive-definitematrix of ordern anddefine

ǎΣ
� argmin

z� Zn " â � z " 2Σ (33)

ThenǎΣ is admissibleand

P 	 ǎLS
� a
-H P 	 ǎΣ

� a
 (34)

In order to prove the corollary, we only needto show that ǎΣ is
admissible.Oncethis hasbeenestablished,the statedresult(34)
follows from theorem6. The admissibilitycanbe shown asfol-
lows. The first two conditionsof Definition 1 aresatisfied,since
theILS-mapproduces- apartfrom boundaryties- auniqueinteger
vectorfor any ’float’ solutionâ � Rn. And sinceǎΣ

� argminz� Zn "â � u � z " 2Σ � u holdstruefor any integeru � Zn, alsothe integer
remove-restoretechniqueapplies.

As thecorollaryshows,aproperchoiceof thedataweightma-
trix is alsoof importancefor ambiguity resolution.Thechoiceof
weightsis optimalwhentheweightmatrixequalstheinverseof the
ambiguityvc-matrix. A too optimistic precisiondescriptionor a
toopessimisticprecisiondescription,will bothresultin a lessthan
optimal ambiguity success rate. In the caseof GNSS,the obser-
vationequations(thefunctionalmodel)aresufficiently known and

well documented.However, thesamecannotyetbesaidof thevc-
matrix of theGNSSdata.In themany GNSStextbooks available,
wewill usuallyfind only afew comments,if any, onthisvc-matrix.
Examplesof studiesthat have beenreportedin the literatureare:
[Euler and Goad, 1991], [Gerdan, 1995], [Gianniou, 1996], and
[Jin anddeJong, 1996], who studiedtheelevationdependenceof
the observation variances;[Jonkman, 1998]and[Tiberius, 1998],
whoconsideredtimecorrelationandcrosscorrelation;and[Schaf-
frin and Bock, 1988], [Bock, 1998] and[Teunissen, 1998a], who
consideredtheinclusionof stochasticionospheric constraints.

4.4. Bounding the ILS success-rate

A very usefulapplicationof theorem6 is that it shows how one
canlower-boundtheILS probability of correctintegerestimation.
This is particularly useful since the ILS successrate is usually
difficult to compute. This is due to the rathercomplicatedge-
ometryof the ILS pull-in region. The bootstrapped success-rate
is a goodcandidatefor the ILS success-rates’lower-bound. The
bootstrapped success-rateis easyto computeand it becomesa
sharplower-boundwhenappliedto the decorrelatedambiguities
ẑ � ZT â. In fact, at present,the bootstrapped success-rateis the
sharpest availablelower-boundof theILS success-rate.

Apart from having a lower-bound, it is also useful to have
an upper-bound available. For obtainingan upper-boundonecan
makeuseof thegeometricmeanof theambiguityconditionalvari-
ances.This geometricmeanis referredto astheAmbiguity Dilu-
tion of Precision(ADOP)andit is givenas

ADOP �  
detQâ

1
n 	 cycles
 (35)

Notethatthisscalarmeasureof theambiguity precisionis invariant
for the admissiblevolumepreservingambiguity transformations.
With theADOP onecanobtainanupper-boundby makinguseof
thefact thattheprobabilitycontentof theILS pull-in region SLS4 a
would bemaximalif its shapewould coincidewith thatof theam-
biguity searchspace,while its volumewould still be constrained
to 1. We have thefollowing boundsfor theILS success-rate.

Theorem 7 (Boundson theILS success-rate)
TheILS success-rateP 	 ǎLS

� a
 is boundedfrom below andfrom
aboveas

P 	 žB
� z
I+ P 	 ǎLS

� a
-+ P C χ2 	 n � 0
J+ cn

ADOP2 D
with cn

� 	 n2Γ 	 n2 
2
 2K n 8 π (36)

5. A BAYESIAN APPROACH

5.1. The Bayesestimate

The Bayesianapproachto GNSScarrierphaseambiguityresolu-
tion startsfrom a setof assumptionswhich differs fundamentally
from the one usedin the previous sections,seee.g.[Betti et al.,
1993], [Gundlich andKoch, 2001]. In theBayesianapproach, not
only the vector of observables,y, is assumedto be random,but
thevectorof unknown parameters,a andb, aswell. Although the
Bayesianapproach hasnot yet find a wide-spreadusein any of
theGNSSapplications, thebasicconceptsinvolvedareof interest
in their own right, alsoin their comparisonwith thenonBayesian
theoryof theprevioussections.



Let usfor themomenttake thetwo typeof parametervectors
a andb togetherin onevectorx � 	 aT � bT 
 T . If both y andx are
random,wehave accordingto Bayes’theorem

p 	 x � y
 � p 	 y � x
 p 	 x

p 	 y
 (37)

Thustheposteriordensityp 	 x � y
 is proportional to theproductof
the likelihoodfunction p 	 y � x
 andtheprior densityp 	 x
 . Given
thedatavectory, thatis, giventheobservations,theposteriorden-
sity givesa completedescriptionof theprobabilistic propertiesof
x. Theideaof theBayesianapproach is thereforeto usetheposte-
rior densityfor parameterestimation.

In theBayesianapproachto ambiguityresolutionit is theso-
calledBayesestimatewhich is usedasthe solutionfor the ambi-
guitiesandbaseline.This estimateis definedasfollows.

Definition 4 (TheBayesestimate)
The Bayesestimatex̂Bayes of the randomparametervector x is
definedastheconditionalmean

x̂Bayes
� E � x � y � ��� xp 	 x � y
 dx (38)

This definition can be motivatedas follows. In order to find a
’good’ estimatex̂ of theparametervectorx, we would like to de-
terminea function of the data,say x̂ � x̂ 	 y
 , which in a certain
senseis closeto x. Let L 	 x � x̂ 	 y
2
 be our measureof discrepancy,
or our measureof loss,betweenx andx̂. It thenseemsreasonable
to take x̂ asthe solutionwhich minimizesthis discrepancy on the
average.Thisamountsto solvingtheminimizationproblem

min
x̂

E� L 	 x � x̂ 	 y
3
 � y � � min
x̂
� L 	 x � x̂ 
 p 	 x � y
 dx (39)

Thisminimizationproblemis particularlyeasyto solve in casethe
lossfunctionequalsthequadraticform, L 	 x � x̂
 � " x � x̂ " 2Q, with
matrix Q beingpositive definite.Fromthedecomposition

E� L 	 x � x̂ 	 y
3
 � y � �L " x � x̂ " 2Q p 	 x � y
 dx �L " x � E� x � y� " 2Q p 	 x � y
 dx
� " E� x � y �-� x̂ " 2Q

it directly follows that the posteriorexpectedloss is minimized
whenx̂ is takenequalto theBayesestimate.WhentheBayesesti-
mateis substitutedinto thelossfunction,theexpectedlossequals
E � L 	 x � x̂Bayes
�� � trace	 Qx & yQ � 1 
 .
5.2. The marginal posterior pdf ’s

In orderto apply(38)to ourambiguityresolutionproblem,wefirst
needanexpressionfor theposteriordensityp 	 x � y
 � p 	 a � b � y
 .
In theBayesianapproachto GNSSambiguityresolution,a andb
areassumedto beindependent,with thefollowing improperpriors� p 	 a
 ∝ ∑z� Zn δ 	 a � z
M	 pulsetrain


p 	 b
 ∝ constant
(40)

whereδ denotestheDirac function. Fromtheorthogonal decom-
position (22), the likelihood function can be seento be propor-
tional to p 	 y � a � b
 ∝ exp � 1

2
� " â � a " 2Qâ

� " b̂ 	 a
@� b " 2Qb̂ ' â � . The

posteriordensityfollows thereforeas

p 	 a � b � y
 ∝ exp � 1
2
� " â � a " 2Qâ� " b̂ 	 a
@� b " 2Qb̂ ' â � ∑z� Zn δ 	 a � z
 (41)

Therequiredmarginalposteriordensities,p 	 a � y
 andp 	 b � y
 , fol-
low from integratingthe joint posteriordensityover the domains
of respectively a andb. Note that in thepresentcase,thedomain
of a is taken asRn andnot asZn. In the Bayesianapproach, the
discrete-like natureof a is thought to becapturedby assumingthe
prior to bea pulsetrain.Oncethe integrationsarecarriedout and
thenormalizingconstants arerestored,themarginalsareobtained
asfollows.

Theorem 8 (Marginal posteriorpdf’s)
Theposteriorpdf’s of theambiguitiesandbaselinearegivenasNO P p 	 a � y
 � wa 	 â
 ∑z� Zn δ 	 a � z


p 	 b � y
 � ∑z� Zn pb & a 	 b � a � z� y
 wz 	 â
 (42)

with theweightfunction

wz 	 â
 � exp � 1
2
� " â � z " 2Qâ

�
∑u � Zn exp � 1

2
� " â � u " 2Qâ

� � z � Zn (43)

andtheconditionalposterior

pb & a 	 b � a � y
 � 1(
detQb̂ & â 	 2π 
 1

2 p
exp � 1

2 " b � b̂ 	 a
 " 2Qb̂ ' â (44)

It is now interestingto observe how the above posteriormargi-
nal pdf for the baseline,p 	 b � y
 , compareswith the pdf of the
’fix ed’ baseline,pb̌ 	 x
 , asgiven in (10). Both pdf’s arevery simi-
lar in structure.Bothequalaninfinite sumof weightedconditional
baselinedistributions.Thetwo typeof conditionalbaselinedistri-
butions, pb̂ & â 	 x � z
 and pb & a 	 b � z� y
 , have an identicalshapebut
differ in their point of symmetry. The first is symmetricabout
b 	 z
 � b � Qb̂âQ � 1

â 	 a � z
 , while the secondis symmetricabout

b̂ 	 z
 � b̂ � Qb̂âQ� 1
â	 â � z
 . Also the weightssharesomeresemblance.This canbe

seenif we considertheprobability

P 	 ǎ � a � z
 �Q�
Sa R z

	  detQâ 	 2π 
 1
2n 
 � 1 exp � 1

2 " x � a " 2Qâ
dx

This probabilitycanbeworkedout to give

P 	 ǎ � a � z
 � L
S0

exp � 1
2 " x � z " 2Qâ

dx

∑u � Zn
L
S0

exp � 1
2 " x � u " 2Qâ

dx
(45)

which shows theresemblancewith (43).

5.3. The Bayesbaseline

With the posteriorbaselinedistribution available, one can now
study the corresponding confidence regionsaswell asdetermine
theBayesestimateof thebaseline,

b̂Bayes
� � bp 	 b � y
 db

For a discussionon how to approximatetheconfidenceregionsof
theposteriorbaseline,we referto [Gundlich andKoch, 2001].

Usingtheresultsof theorem8, theBayesbaselinefollows as

b̂Bayes
� b̂ � Qb̂âQ � 1

â S â � ∑
z� Zn

zwz 	 â
UT (46)



Again thereis a striking resemblance with the resultsof section
2. From (4) and (2.2) it follows that the ’fix ed’ baselinecanbe
writtenas

b̌ � b̂ � Qb̂âQ� 1
â S â � ∑

z� Zn

zsz 	 â
 T (47)

Wethusseethatthetwo solutionsdiffer in thewaythe’float’ solu-
tion â is usedto weighall integergrid pointsz � Zn. In caseof the
Bayesbaselinethe smoothweightswz 	 â 
 areused,while in case
of the ’fix ed’ baseline,the 0 � 1 valuesof the indicator function
sz 	 â
 areused. Although both baselinesolutionscontainan infi-
nite sum,theoneof the’fix ed’ baselinecanbecomputedexactly,
while theoneof theBayesbaselinecanonly beapproximated.
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