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Abstract

Global Navigation Satellite Systemcarrier phaseambiguity reso-
lution is the key to high precisionpositioningand navigation. In
this contrikution a brief review is given of the probalilistic theory
of integer carrierphaseambiguity estimation. Variousambigtity
estimatorsarediscussed Among themarethe estimatorsof inte-
gerroundirg, integer boastrapping,integer least-squareandthe
Bayesiansolution. We alsodiscussthe various relationshipghat
exist betweertheseestimators.

1. INTRODUCTION

Global Navigation SatelliteSystem(GNSS)ambiguity resolution
is the procesof resolvingthe unknowncycle ambiguitiesof dou-
ble difference(DD) carrier phasedataasintegers. The sole pur-
poseof ambiguity resolutionis to usethe integer ambiguity con-
straintsas a meansof improving significantly on the precision
of the remainingmodel parameterssuchasbaselinecoordinates
and/oratmospherigtroposghere jonosghere)delays.

Ambiguity resolutionappliesto a greatvariety of currentand
future GNSSmodels. Thesemodds may differ greatlyin com-
plexity anddiversity They rangefrom single-baselinenodelsused
for kinematicpositioningto multi-baselinemodelsusedasa tool
for studyinggeodynamicphenomen. Themodds mayor maynot
have the relative recevver-satellitegeometryincluded. They may
alsobe discriminatedasto whetherthe slave recever(s) are sta-
tionaryor in motion. Whenin motion,onesolvesfor oneor more
trajectories,since with the recever-satellite geometryincluded
onewill have new coordimateunknownsfor eachepoch.Onemay
alsodiscriminatebetweerthe modelsasto whetheror not the dif-
ferentialatmospheriaelays(ionosghereandtroposplere) arein-
cludedasunknawns. In thecaseof sufficiently shortbaselineshey
areusuallyexcluded.

Apartfrom thecurrentGlobalPositioningSystem(GPS)mod-
els, carrier phaseambiguty resolutionalso appliesto the future
modernizedsPSandthefutureEuropearGalileoGNSS.An over-
view of GNSSmodels,togethemwith their applicationsn suney-
ing, navigation, geodesyand geophysics,can be found in text-

books suchas [Hofmann-Vellenhof et al., 1997, [Leidk, 1995],
[Parkinsonand Spilker, 1996, [Strang and Borre, 1997]and[Te-
unisserandKleusbeg,

1999.

In this contribution we review the probabilistic theoryfor in-
teger carrierphaseambiguityestimation.lt is the key to high pre-
cision GNSSpositioningand navigation. This contribution is or-
ganizedasfollows. In section2 we introducea generaklassof in-
tegerambiguty estimatorsdetermineheir probablity massfunc-
tions andshov how their variability affect the uncertaintyin the
compued GNSShaselinesThis theoryis worked out in sections
3 and4 for two of themostimportantintegerambiguityestimators.
In section3 we discussthe propertiesof integerbootstrappig and
in section4 thoseof integer least-squares.n the final section,
section5, we discusghe Bayesiarsolutionto carrierphaseambi-
guity resolution.Althoughthe Bayesiarapproacthasnot yet find
awide-spreadisein ary of the GNSSapplicationsthe basiccon-
ceptsinvolved are of interestin their own right. Wherepossible,
thevariousambiguityestimationprinciplesarecomparel.

2. INTEGER AMBIGUITY RESOLUTION

2.1. The GNSSmodel

As our point of departurewe will take the following systemof
linear(ized)observatiorequations

y=Aa+Bb+e 1)

wherey is the given GNSSdatavector of orderm, a andb are
the unknavn parameterectorsrespectrely of ordern and p, and
wheree is the noisevector In principle all the GNSSmodelscan
be castin this frame of observatiorequations.The datavectory
will usually consistof the 'obsened minuscompued’ single-or
dual-frequeng double-difference(DD) phaseand/orpseudrange
(code)obsenationsaccumulateaver all obsenation epocts. The
entriesof vectora arethenthe DD carrierphaseambigtities, ex-
pressedn units of cyclesratherthanrange. They are known to
be integers, a € Z". The entriesof the vectorb will consistof
the remainingunknown parameterssuchasfor instancebaseline
compaments(coordindes)andpossiblyatmosphericlelayparame-
ters(troposphereionosghere).They areknown to bereal-valued,
beRP.

Theproceduravhichis usuallyfollowedfor solvingthe GNSS
model (1), can be divided into threesteps. In the first stepone
simply disregardstheintegerconstraintsa € Z" ontheambiguities



andperformsa standardeast-squareadjustmentAs aresultone
obtainsthe (real-\alued)estimatef a andb, togetherwith their
variance-cwariance(vc-) matrix

HEES- @

This solutionis referredto asthe 'float’ solution. In the second
stepthe’'float’ ambiglity estimated is usedto computethe corre-
spondng integer ambiguity estimated. This implies thata map-
ping S: R"+— Z", from the n-dimensionalspaceof realsto the
n-dimensioral spaceof integers,is introducedsuchthat

a=5a) 3)

Oncethe integer ambiguties are computed they are usedin the
third stepto finally correctthe’float’ estimateof b. As aresultone
obtainsthefix ed’ solution

b=b-Q5,Q"(8-4) @)

In the presentreview we will primarily focusour attentionon the
probabilisticpropertiesof (3) and(4).

2.2. Admissibleinteger estimation

Therearemary waysof computinganinteger ambiguityvectora
fromits real-valuedcounterp@rta. To eachsuchmethodbelongsa
mappingS: R" — Z" from the n-dimensionalspaceof real num-
bersto the n-dimensiona spaceof integers. Due to the discrete
natureof Z", themapSwill notbeone-to-or, but insteada mary-

to-onemap. Thisimpliesthatdifferentreal-valuedambiguityvec-
torswill be mappel to the sameintegervector Onecantherefore
assigmasubsetS, C R" to eachintegervectorz € Z™;

S={xeR|z=9x)}, zeZ" (5)

The subsetS; containsall real-valuedambiguity vectorsthat will
be mappedby S to the sameinteger vectorz € Z". This subset
is referredto asthe pull-in region of z [Jonkman 1998]. It is the
region in which all ambiguity 'float’ solutionsare pulled to the
saméfix ed’ ambiglity vectorz. Usingthepull-in regions,onecan
give anexplicit expressiorfor thecorresponihg integerambigtity

estimator It reads
a= Z z5(8) (6)
zeZn

with theindicatorfunction

~_ ) 1 ifaes
sz(a)_{ 0 otherwise

Sincethe pull-in regions definethe integer estimatorcompletely
one candefineclasseof integer estimatorsy imposingvarious
conditionson the pull-in regions. Onesuchclassis referredto as
theclassof admissiblentegerestimatorsThesentegerestimators
aredefinedasfollows.

Definition 1
Theintegerestimatord = 3 ;-0 2$(48) is saidto beadmissiblef

(i) UzeZ"Sz: R"
(i)  Int(S)NIN(S,) =0, VZy £ 2, € Z"
(i) S=z+%y, VzeZ"

Thisdefinitionis motivatedasfollows. Eachoneof theabove three
condtions describea propertyof which it seemgeasonale thatit
is possessely anarbitraryinteger ambiguityestimator The first
condtion stateshatthe pull-in regionsshouldnot leave ary gaps
andthe secoml thatthey shoud not overlap. The absencef gaps
is neededin orderto be ableto map ary 'float’ solutiond € R
to Z", while the absenceof overlapsis neededo guararneethat
the’float’ solutionis mappedo just oneintegervector Notethat
we allow the pull-in regionsto have commonboundaies. This
is permittedif we assumeo have zero probalility thata lies on
oneof the boundaries. This will be the casewhenthe probability
densityfunction (pdf) of & is continuaus.

Thethird andlastconditionfollows from therequirementhat
S(x+2) = S(x) +zVxe R",ze Z". Also this condtion is area-
sonalbe oneto askfor. It stategshatwhenthe’float’ solutionis per
turbedby z € Z", the corresponihg integer solutionis perturbed
by the sameamount.This propertyallows oneto applytheinteger
remaove-restoe technique:S(a— z) + z= S(&). It thereforeallows
oneto work with thefractionalpartsof the entriesof 4, insteadof
with its completeentries.

With the division of R" into mutually exclusive pull-in re-
gions,we arenow in the positionto considerthe distribution of
a. This distribution is of the discretetype andit will be dended
asP(d=2z). It is aprobalility massfunction, having zeromasses
at nongid points and nonzeromassest someor all grid points.
If we denotethe continuows probability densityfunction of & as
pa(x), thedistribution of & follows as

P(ad=2) = /Sl pa(x)dx, ze Z" )

This expressiorholdsfor ary distributionthe'float’ ambiguitiesa

might have. In mostGNSSapplicationshowever, oneassumeshe

vectorof obsenablesy to be normally distributed. The estimator
4 is thereforenormally distributedtoo, with meana € Z" andvc-

matrix Qj. Its probability densityfunctionreads

1 1
—ep{—3[Ix-al3}  (@®

V/0etQa) (2m)
with the squaredweightednorm || . [[3, = (.)TQ3*(.). Note that
P(a = a) equalsthe probability of correctinteger ambiguity esti-

mation. It describeshe expectedsuccessateof GNSSambiguity
resolution.

Pa(x) =

2.3. The baselinesolution

We arenow in thepositionto determinethe pdf of the'fix ed’ base-
line estimator(4). In orderto determinethis pdf, one needsto
propajatetheuncertaintyof the’float’ solution,& andb, aswell as
the uncertaintyof the integer solutiona through(4). Shouldone
neglectthe randomcharacteof the integer solutionandtherefore
consicer theambiguityvectord asdeterministicandequalto, say
z, thenthe pdf of b would equalthe conditionalbaselinedistribu-

tion 1 5
ep{-} 11 x—b(@) I3, }

Pra(X] 2) =
bla( |2) /detQB‘é(ZT[)%p
with conditiond meanb(z) =b— QBéle(a— z), conditionalvari-
ancematrix Qg5 = Qp — Qp5Q5 " Qzp, and|| - ||<2?ﬁ|a: (.)Tle;(.).
However, sinced is randan andnot deterministicthe conditional

9)



baselinedistribution will give a too optimistic descriptionof the
quality of the 'fix ed’ baseline.To geta correctdescriptionof the
'fix ed’ baselines pdf, theintegerambigtity’ s pmf needso becon-
sidered.As the following theoremshaws this resultsin a baseline
distribution, which generallywill be multi-modal.

Theorem 1 (Pdfof the fixed' baseling

Letthe’float’ solution,a andb, be normallydistributedwith mean
ae Z" andmeanb € RP, andvc-matrix (2), let & be anadmissible
integer estimatorand let the 'fix ed’ baselineb be givenasin (4).
The pdf of b readsthen

Pp(x) = Z Ppax | 2P(@=2) (10)
zeln

Notethat,althoughthemodel(1) is linearandthe obsenablesnor
mally distributed,thedistribution of thefix ed’ baselings notnor-
mal, but multi-modal. As the theoremshaws, the 'fix ed’ baseline
distributionequalsaninfinite sumof weightedconditiond baseline
distributions. Theseconditionalbaselinedistributions pﬁlé(x | 2)
areshiftedversionsof one another The sizeanddirectionof the
shift is governedby QBélez, z€ Z". Eachof the conditiona
baselinedistributionsin the infinite sumis downweighed. These
weightsaregiven by the probalility masse®f the distribution of
the integer bootstrappedmbiguity estimatora. This shows that
thedepenenceof the'fix ed’ baselinadistribution on the choiceof
integer estimatoris only felt throughtheweightsP(d = z).

2.4. On the quality of the 'fixed’ baseline

In orderto describethe quality of the fix ed’ baseline onewould
like to know how closeone canexped the baselineestimateb to
be to the unknown, but true baselinevalueb. As a measureof
confidene, we take

P(beR) = /R pp(x)dx with RC RP (11)

Butin orderto evaluatethisintegral, wefirst needto make achoice
aboutthe shapeandlocationof the subsetR. Sinceit is common
practicein GNSSpositioningto usethe vc-matrix of the condi-
tional baselineestimatorasa measureof precisionfor the 'fix ed’
baselinethevc-matrixQB‘é will beusedto definethe shapeof the
confidene region. For its location, we choosethe confiderce re-
gion to be centeredat b. After all, we would like to know by how
much the baselineestimateb can be expectedto differ from the
true,but unknavn baselinevalueb. Thatis, onewouldlike (11)to
be a measureof the baselines probability of concentratiorabou
b.

With thesechoiceson shapeandlocation, the region R takes
theform

R={xeRP|(x-b)TQq (x—b) < B} (12)

The size of the region canbe varied by varying 3. The follow-
ing theoremshaws how the baselines probability of concentration
(11) canbe evaluated as a weightedsum of probabilitiesof non
centralChi-squaredistributions.

Theorem 2 (The'fixed" baseline$ probability of concertration)
Let b bethe’fix ed’ baselineestimatorlet R be definedasin (12),
andletxz(p,)\z) denotethenoncertral Chi-squaralistributionwith

p degreesof freedomandnoncertrality parametel;. Then

P(beR) = Z P(X2(p,\z) < BP)P(d=2) (13)
zeln

with 5 5
Az =|| Db, ”éma and 0b, = Q;,Q3 ' (z— a)

This resultshavs thatthe probalility of the 'fix ed’ baselindying
insidetheellipsoidalregion R centerecat b equalsaninfinite sum
of probability produds. If oneconsides the two probablities of
theseproduds separatelytwo effectsareobsened. Firstthe prob-
abilistic effect of shifting the conditionalbaselineestimatorawvay
from b andsecondy the probabilisticeffect of the pealkednessor
nonpealkedressof the ambiguitypmf. The seconcdeffectis related
to the expectedperformanceof ambiguity resolution,while the
first effecthasto dowith thesensitvity of thebaselindor changs
in the valuesof the integer ambiguities. This effect is measured
by the noncerrality parametei\,. Sincethe tail of a noncentral
Chi-squaredistribution becanes heavier when the noncentrality
parameteincreasesyhile the degreesof freedomremainfixed,
P(X2(p,\z) < B?) getssmallerwhen), getslarger.

Thetwo probailities in the prodict reachtheir maximumval-
ueswhenz = a. The following corollary shavs how thesetwo
maximacanbe usedto lower bourd andto upperbourd the prob-
ability P(b € R). Suchbounds areof importanceor practicalpur-
posessinceit is difficult in generalto evaluate(13) exactly.

Corollary 1 (Loweranduppe bourds)
Let b bethe 'fixed’ baselineestimatorandlet R be definedasin
(12). Then

P(bja—a € RP(@=a) <P(beR) <P(baacR)  (14)

with A
P(bja=a € R) = P(X?(p,0) < #?)

Notethatthetwo bounds relatethe probalility of the’fix ed’ base-
line estimatorto that of the conditional estimatorand the boot-
strappedsuccesrate. The abose bounds becometight when the
ambiguty successateapproachsone. This shavs, althoughthe
probability of the conditiond estimatoralways overestimateshe
probability of the’fix ed’ baselineestimatoyrthatthetwo probabil-
ities areclosefor largevaluesof thesuccessate. Thisimpliesthat
in caseof GNSSambiguityresolutiononeshoud first evaluatethe
successateP(a = a) andmake surethatits valueis closeenough
to one, beforemaking ary inferenceson the basisof the distri-
bution of the conditionalbaselineestimator In otherwords, the
(unimoaal) distribution of the conditionalestimatoris a goodap-
proximationto the (multimodal) distribution of the bootstrapped
baselineestimator when the succesgate is suficiently closeto
one.

3. INTEGER BOOTSTRAPPING

3.1. The bootstrappedestimator

Thedistributionalresultspresentedofar hold for any admissible
ambiglity estimator The simplestway to obtainanintegervector
from thereal-valued'float’ solutionis to roundeachof theentries



of 4 to its nearestinteger. The correspoding integer estimator
readstherefore

&= (&, [&])" (15)
where’[.]' denotesroundingto the nearesinteger The pull-in
region of this integer estimatorequalsthe multivariateversionof
theunit-square.

Anotherrelatively simple integer ambiguity estimatoris the
bootstrappd estimator The bootstrappé estimatorcan be seen
asa generalizatiorof the previous estimator It still makesuseof
integerrounding but it alsotakessomeof the correlationbetween
the ambiguitiesinto account. The bootstrappedstimatorfollows
from a sequetial conditionalleast-squaresadjustmentandit is
computedasfollows. If nambiguitiesareavailable,onestartswith
the first ambiguity d;, androunds its valueto the nearesinteger.
Having obtainedthe integer value of this first ambiguty, the real-
valuedestimate®f all remainingambiguitiesarethencorrectecby
virtue of their correlationwith the first ambiguity Thenthe sec-
ond,but now correctedreal-valuedambiguityestimates rounded
to its nearestinteger Having obtainedthe integer value of the
secondambigtity, thereal-\aluedestimate®of all remainingn— 2
ambiguitiesare then againcorrected,but now by virtue of their
correlationwith the secondambiguity This processs continued
until all ambiguitiesare considered We thus have the following
definition.

Definition 2 (Integer bootstappng)

Let 4= (4,...,4n)" € R" be the ambiguityfloat’ solution and
letdg = (3g1,...,d8n)" € Z" denotethe corresponihg integer
bootstrappé solution. The entriesof the bootstrappd ambigtity
estimatorarethendefinedas

dg1 = [ai]
d82 = [fgu]=[82—02107%(81—31)]

: (16)
dn = [&n]=

A —1 PN <
[8n— ¥ ]21 0n,j1907,5(&j0 — ,j)]

where'[.]’ denotegheoperationof roundng to the nearestinteger,
andoj j|; dendesthe covariancebetweend andd;|;, andch?IJ is

the varianceof &;;. The shorthandnotation§, standsfor the
ith least-squareambiguityobtainedthrougha conditionirg onthe
previousl ={1,...,(i — 1)} sequentialliroundedambiguities.

Note thatthe bootstrappd estimatoris not unique. Changng the
order in which the ambiguitiesappearin vector 4 will already
producea differentbootstrappd estimator Although the princi-

ple of boatstrappingremainsthe same every choiceof ambiguty

parametrizatiomasits own bootstrappeestimator

3.2. The bootstrappedpull-in regions

The pull-in regionsfor roundingare unit-cubescentredat integer
grid points. For bootstrappig the shapeof the pull-in regionswill
dependon the vc-matrix of the ambiguities. They will coincide
with the unit- cubesonly in casethe vc-matrixis a diagonalma-
trix. Bootstrappingeducesiamelyto roundingin the absene of
ary correlationbetweenthe ambiguties. The following theorem
givesa descriptionof the bootstrappegbull-in regionsin the gen-
eralcase.

Theorem 3 (Bootstappedpull-in regiong

The pull-in regionsof the bootstrappd ambiguityestimatordg =
(8g1,...,d80)" € Z" aregivenas

1.
S={xeR|dL7I(x-2)|< 5,i=1-n}  (17)
Vz € Z" whereL denotesthe uniqueunit lower triangularmatrix
of theambiguityvc-matrix’ decompaition Qs = LDL' andc; de-
notestheith canonicé unit vectorhaving a 1 asits ith entry and
zerosotherwise.

Thatthe bootstrappd estimatoris indeedadmissible cannow be
seenasfollows. Thefirst two conditionsof Definition 1 areeasily
verified using the definition of the bootstrappd estimator Since
every real-valued vector & will be mappedby the bootstrapped
estimatorto an integer vector the pull-in regions Sz, cover R
without ary gaps.Thereis alsono overlapbetweerthe pull-in re-
gions,since- apartfrom bourdaryties- ary real-\aluedvectora
is mappedto not morethanoneinteger vector To verify the last
condtion of Definition 1, we make useof (17). From

SB,z:

{xeR[|[LHx=2) |< 3.i=1n}=

geRﬂldl‘Wls%,x:y+Lizlm}:
0tz

it followsthatall bootstrappegull-in regionsaretranslatedcopies
of Sg 0. All pull-in regionshave thereforethe sameshapeandthe
samevolume. Their volumesall equall. This canbe shavn by
transformingSg o to the unit cubecenteredatthe origin. Consider

thelineartransformatiory = L~1x. Then

L™ (Sgo)={yeR"||dy|< =, i=1,...,n}

NI -

equalsthe unit cubecenteredat the origin. Sincethe determinant
of the unit lower triangularmatrix L1 equalsone and sincethe
volumeof the unit cubeequalsone, it follows thatthe volume of
S0 mustequaloneaswell. To infer theshapeof thebootstrapped
pull-in region, we considerthetwo-dimensiol casefirst. Let the
lower triangularmatrix L begivenas

(1 9)

Then

S0

5

{xeR||cfLx[< §,i=12}
{xXeR| x| < 3,Ix—Ix|< 3}

which shaws thatthe two-dimensiol pull-in region equalsa par

allellogram. Its region is boundedby the two vertical linesx =

1/2 andx; = —1/2, andthe two parallel slopesx, = Ix; +1/2

and xp = Ixg — 1/2. The direction of the slopeis governedby

| = 021012. Hence,in the absenceof correlationbetweenthe
two ambiguities the parallellogranreducedo the unit square.In

higherdimensionghe above constrution of the pull-in region can
be continued. In threedimensionsfor instance the intersection
of thepull-in region with the x; x>-planeremainsa parallellogram,
while alongthe third axisthe pull-in region becomesoundedby

two parallelplanes.



3.3. The bootstrapped pmf

Sincetheinteger bootstrappeestimatoris definedasdg = z<=-
ac S, it follows that P(8g = z) = P(4 € Sg 7). The pmf of &g
follows thereforeas

Plae=2)= [ pa(9dx, ze 2" (18)

Sz

Hence theprobabilitythatdg coincideswith zis givenby theinte-
gralof thepdf pa(x) overthebootstrappdpull-in region S ; C R™.
Theabore expressim holdsfor ary distributionthefloat” ambigu
ities & might have. In mostGNSSapplicationshowever, oneusu-
ally assumeghevectorof obsenablesy to benormallydistributed.

For that casethe following theoremgives an exact expressionof
thebootstrappd pmf.

Theorem 4 (Theinteger bootstapped pmf
Let & be distributedasN(a,Qs), @ € Z", andlet g be the corre-
spondng integerbootstrappe@stimator Then

Pia=2) = ML@(*522)

+ o(gle <a‘z))71] ,zeZ"

x)/

andwith |j theith columnvectorof theunitlowertriangularmatrix
L-T and 02‘ the varianceof theith least-squaresambiguity ob-
tainedthrougha conditioningon the previous | = {1,...,(i—1)}
ambiguities.

(19)

with
a(p{— fvz}dv

Thebootstrappd pmf equalsa productof univariatepmf’'s andis
thereforeeasyto compute. Notethatthebootstrappdpmfis com-
pletelygovernedby theambiguityvc-matrixQs. The pmf follows
oncethe triangularfactorL andthe diagonalmatrix D of the de-
compositionQz = LDLT aregiven. The abore resultalsoshavs
thatthe bootstrappd pmf is symmetricaboutthe meanof a. This
impliesthatthebootstrappdestimatordg is anunbiasedestimator
of ae€ Z". Sincethe 'float’ solutions,4 andb, areunbiasel too,
it follows from taking the expectationof (4) thatthe boatstrapped
baselings alsounbiased

For the purposeof predictingthe succesof ambiguity reso-
lution, the probalility of correctintegerestimationis of particular
interest. For the bootstrappd estimatorthis successateis given
in thefollowing corollary.

Corollary 2 (Thebootstappedsuccessate)
Thebodstrappegrobabilityof correctintegerestimationthesuc-
cessrate)is givenas

n 1

Plée =a) = [(20(55—) - (20)

The methodof integer bootstrapmg is easyto implementandit
doesnot need,as opposedo the methodof integer least-squares
(seenext section),aninteger searchfor comptting the sought for
integer solution. However, asit was mentionel earlier the out-

comeof bodstrappingdlepend®nthechoserambiguityparametriza-

tion. Bootstrappingpf DD ambiguities for instancewill produce
an integer solutionwhich generallydiffers from the integer solu-
tion obtainedfrom bootstrapng of reparametrizecmbiguities.

Sincethis depen@ng also holdstrue for the bootstrappd pmf,
onestill hassomeimportantdegreesof freedomleft for improving
(20) or for sharpeing thelower boundof (14).

In orderto improve the bootstrappd successate,oneshould
work with decorrelatedcambiguitiesinsteadof with the original
ambigtities. Themethodof bootstrappingerformsrelatively poor,
for instance whenappliedto the DD ambiguities. This is dueto
the usually high correlationbetweenthe DD ambigtities. Boot-
strappingshouldthereforeonly be usedin combindion with the
decorrelatingZ-transformatiorof the LAMBD A method[Teunis-
sen 1993 1995]. Thistransformatiordecorrelatetheambiguities
furtherthanthebestreorderingwould achieze andtherebyreduces
the valuesof the sequetial conditionalvariance. By reducirg
thevaluesof thesequentiatonditionalvariance,thebootstrapped
successategetsenlaged.

It may however happen thatit is simply notpossibleto resohe
the completevectorof ambiguities with sufficient probalility. As
analternatve of resolvingthe completevectorof ambiguitiespne
might then considerresolving only a subsetof the ambiguties.
The ideaof partialambiguity resolutionis basedon the fact that
the succesgate will generallyincreasewhenfewer integer con-
straintsareimposed.However, in orderto apply partialambiguity
resolution,one first will have to determinewhich subsetof am-
biguitiesto choase. It will be clearthat this decisionshouldbe
basedon theprecisionof the’float’ ambiguities. Themoreprecise
the ambiguities the largerthe ambiguity successate. It is at this
point wherethe decorrelationstepof the LAMBD A methodand
the bootstrappg principle canbe applied. Oncethe transformed
anddecorrelateéimbiguity vc-matrixis obtainedtheconstrution
of thesubseproceedsn asequentiafashion.Onefirst startswith
the mostpreciseambiguity say 2, and computedts successate
P(d1 = 7). If thissuccessateis large enowh, onecontinuesand
determineghe most precisepair of ambigtities, say (2,2,). If
their successateis still largeenoud, onecontinuesagainby try-
ing to extendthe set. This procedurecontinuesuntil onereaches
a point wherethe correspmding successate becanesunacept-
ably small. Whenthis point is reached,one can expectthat the
previously identifiedambiguitiescanbe resohed successfily.

Oncethesubsefor partialambiguity resolutionhasbeeniden-
tified, onestill needgo determinewvhatthis will doto improve the
baselineestimator After all, beingableto successflly resohe the
ambigtities doesnot necessarilymeanthatthe 'fix ed’ solutionis
significantlybetterthanthefloat’ solution. Thetheorypresented
in theprevioussectiongprovide thenecessaryoolsfor performing
suchanevaluaion.

4. INTEGER LEAST-SQUARES

4.1. TheILS estimator

In this sectionwe review someinteger least-squarestheory for
solvingthe GNSSmodel(1). Whenusingtheleast-squaregrinci-
ple, the GNSSmodelcanbe solved by meansof the minimization
problem

min||y—Aa—Bb|3 ,acZ",beRP (21)
ab 4

with Qy thevc-matrixof the GNSSobsenrables. Thistypeof least-
squaregproblemwasfirst introducedin [Teunissen1993]andhas

beencoinedwith the term’integer least-squaes. It is anonstan-
dardleast-squareproblemdueto the integer constraintsa € Z".



The solutionof (21) is consistenwith the threesolution stepsof
sectionl. Thiscanbe seenasfollows. It follows from the orthog
onaldeconposition

ly-Aa-Bb[3, = |3 +la-al},
+ 1b@-blA,,

with é = y— Aa— Bb andb(a) = b— Q;,Q;*(a— a), that the

sough for minimum is obtainedwhen the secondterm on the
right-handsideis minimizedfor a € Z" andthe lasttermis setto

zero. Theintegerleast-squareflLS) estimatorof the ambiguities
is thereforedefinedasfollows.

(22)

Definition 3 (Integer least-squags)

Letd= (4y,...,4n)" € R" betheambigtity 'float’ solutionandlet
a s € Z" dende the correspading integer least-squaresolution.
Then

x . A 2
—amgmin||d—z 23
d.s=agmin | IFo (23)

In contrastto integer roundingand integer bootstrappig, anin-
teger searchis needd to compue & s. Althoughwe will refrain
from discussingthe compuationalintricaciesof ILS estimation,
the conceptub stepsof the computationalprocedurewill be de-
scribedbriefly. The ILS procedire is mechanizedn the GNSS
LAMBD A (Least-squareAMBIguity DecorrelationAdjustment)
method,which is currently one of the mostapplied methodsfor
GNSScarrier phaseambiguity resolution. For more information
onthe LAMBD A method we referto e.g.[Teunissen1993],[Te-
unissen 1995]and[de Jonge and Tiberius 1996a]or to the text-
books[Hofmann-Velleniof, 1997, [StrangandBorre, 1997, [Te-
unissenand Kleusbeg, 1998. Practicalresultsobtainedwith it
canbefound,for example,in [Boonand Ambiosius 1997, [Boon
etal., 1997], [Cox and Brading, 1999], [de Jonge and Tiberius,
19964, [de Jonge et al., 1996], [Han, 1999, [Jonkman 1998],
[Pengetal., 1999],[Tiberiusandde Jonge, 1995, [Tiberiusetal.,
1997].

The main stepsasimplementedn the LAMBD A methodare
asfollows. Onestartsby definingthe ambiguitysearchspace

Qa={acZ"| (a-a)'Q;(a—a) < x?} (24)

with X2 a to be chosenpositive constan. The boundary of this
searchspaceis ellipsoidal. It is centredat 4, its shapeis gov-
ernedby the ve-matrix Q4 andits sizeis determinedby ¥2. In
caseof GNSS,the searchspaceis usually extremely elongated,
dueto the high correlationshetweenthe ambiguities. Sincethis
extremeelongatiorusuallyhindersthecomputationbefficiency of
thesearchthesearchspacds first transformedo amorespherical
shape,

Q,={ze2"| (2-2TQ;1(2-2) < X%} (25)

using the admissibleambiguity transformations = 774, Q; =

ZTQsZ. Ambiguity transformationsZ are saidto be admissible
whenbothZ andits inverseZ—1 have integer entries.Suchmatri-

cespresere theinteger natureof the ambiguities.In orderfor the
transformedsearchspaceto becomemore spherical the volume-
preservingZ-transformatiorns constru¢edasatransformatiorthat
decorrelateshe ambiguitiesas much as possible. Using the tri-

angulardecompaition of Qs, the left-handside of the quadatic
inequalityin (25) is thenwritten asa sum-of-squares:

n (3, _2\2
Zl (Z||I0221) < X2 (26)
i= il

Ontheleft-handsideonerecognzesthe conditionalleast-squares
estimatorz, which follows whenthe condtioning takesplaceon
the integersz,z,...,z_1. Using the sum-of-squarestructure,
onecanfinally setup then intervalswhich areusedfor thesearch.
Thesesequentialntervalsaregivenas

(1—z)? < ofx?

5 _5\2
o, (x2 - B2 (27)

(Zp-2)? <

In orderfor the searchto be efficient, onenot only would like the
vc- matrix Qs to be ascloseaspossibleto a diagonalmatrix, but
alsothatthe searchspacedoesnot containtoo mary integer grid
points. This requiresthe choiceof a smallvaluefor 2, but one
thatstill guaranteeshatthe searchspacecontainsat leastonein-
teger grid point. Sincethe bootstrappedestimatoris so easyto
compue andat the sametime givesa good approximationto the
ILS estimator(seesectiond.4),the bootstrappdsolutionis anex-
cellentcandidatdor settingthesizeof theambiguitysearchspace.
Following the decorrelatiorstepz = ZT 4, the LAMBD A-method
thereforeuses,asone of its options,the bootstrappd solutionZs
for settingthe sizeof theambiguitysearctspaceas

X2 =(2-7)"Q; }(2— Zs) (28)

In this way one canwork with a very small searchspaceand still
guararneethatthe sough for integerleast-squaresolutionis con-
tainedin it.

4.2. The ILS pull-in region

The pull-in regionsof integerroundirg areunit cubeswhile those
of integerboastrappingaremultivariateversionsof parallellograms.
To determinethe ILS pull-in regionswe needto know the setof
'float’ solutionsa € R" thataremappel to the sameinteger vec-
tor ze Z". This setis describedby all x € R that satify z =
argmingezn || Xx—u ||2é. The ILS pull-in-region that belongs to
theintegervectorz follows thereforeas

Ssz={xe R ||| x=z[R,< [ x—ul3,,vueZ"}  (29)
It consistof all thosepointswhich arecloserto zthanto ary other
integerpointin R". Themetricusedfor measuringhesedistances
is determinecby the vc-matrix Q4. Basedon (29), onecangive a
representationf the ILS pull-in regionsthatresemblesherepre-
sentationof the boatstrappedoull-in regions. This representation
readsasfollows.

Theorem5 (ILS pull-in regiong
The pull-in regions of the ILS ambiguity estimatord g € Z" are
givenas

S_S,z:
Neezn{XER| [T QR (x-2) < 3 lci 113} (30)
YzeZ"

This shavs thattheILS pull-in regionsareconstructedrom inter-
sectinghalf-spaces.Onecanalsoshav thatat most2" — 1 pairs
of suchhalf spacesareneededor constructingthe pull-in region.



The ILS pull-in regions are corvex, symmetricsetsof volume1,
which satisfythe conditionsof Definition 1. ThelLS estimatoris
thereforeadmissible.The ILS pull-in regionsarehexagonsin the
two-dimensiorl case.

4.3. Maximizing the success-rate

Although various integer estimatorsexist which are admissible,
somemay be betterthan others. Having the problemof GNSS
ambiguityresolutionin mind, oneis particularlyinterestedn the
estimatorwhich maximizesthe probability of correctinteger es-
timation. This probabllity equalsP(a = a), but it will differ for

differentambiguityestimators The following theoremshaws that
theILS estimatomrmaximizesthe probablity of correctintegeres-
timation.

Theorem 6 (ILSis optimal)
Let the pdf of the’float’ solutiond begivenas

pa(X) = 1/detQz1)G(|| x—a |3,) (31)

where G : R— [0,) is decreasingand Q3 is positve-definite.
Then

Pl s=a)>P(@=a) (32)
for ary admissibleestimatora.

This theoremgives a probabilisticjustificationfor usingthe ILS
estimator For GNSSambiguity resolutionit shavs, that oneis
betteroff usingthe ILS estimatorthanary otheradmissibleinte-
gerestimator Thefamily of distributionsdefinedin (31),is knowvn
asthe family of elliptically contoued distributions. Severalim-
portantdistributions belongto this family. The multivariatenor-
mal distribution canbe shavn to be a memberof this family by
choosingG(x) = (2m) 2 ap—%x,x € R Anothermemberis the
multivariatet-distribution.

As a direct conseguenceof the abore theoremwe have the
following corollary.

Corollary 3 (Theeffectof theweightmatrix)
Let Z beary positive-definitematrix of ordern anddefine

8 = agmin || 4—z|f3 (33)

Thenay is admissibleand

P(a.s=a) > P(d& =a) (34)

In orderto prove the corollary, we only needto shav that & is
admissible.Oncethis hasbeenestablishedthe statedresult(34)
follows from theorem6. The admissibility canbe shavn asfol-
lows. Thefirst two conditionsof Definition 1 are satisfied,since
thelLS-mapprodwces- apartfrom bourdaryties- auniqueinteger
vectorfor ary 'float’ solutiond € R". And sinceds = agmingezn ||
a-u—z H% +u holdstruefor ary integeru € Z", alsotheinteger
remove-restordechniqueapplies.
Asthecorollaryshawvs, a properchoiceof the dataweightma-
trix is alsoof importancefor ambigity resolution. The choiceof
weightsis optimalwhentheweightmatrix equalgheinverseof the
ambiguity ve-matrix. A too optimistic precisiondescriptionor a
too pessimistigrecisiondescriptionwill bothresultin alessthan
optimal ambiglty succes rate. In the caseof GNSS,the obser
vationequationgthefunctionalmodel)aresuficiently known and

well docunrented.However, thesamecannotyetbesaidof thevc-
matrix of the GNSSdata.In the mary GNSStextbooks available,
wewill usuallyfind only afew commertts, if ary, onthisvc-matrix.
Examplesof studiesthathave beenreportedin the literatureare:
[Euler and Goad 1991], [Gerdan, 1995], [Giannioy 199§, and
[Jin and de Jong, 1996, who studiedthe elevation depemlenceof
the obsenation variancesjJonkman 1998] and[Tiberius, 1998],
who consideredime correlationandcrosscorrelation;and[ Schaf-
frin and Bodk, 1989, [Bod, 1998] and[Teunissen19984, who
consiceredtheinclusionof stochastidonospheic constraints.

4.4. Bounding the ILS success-rate

A very usefulapplicationof theorem6 is thatit shavs how one
canlower-boundthelILS probaility of correctintegerestimation.
This is particularly useful sincethe ILS succesgate is usually
difficult to compute. This is due to the rather complicatedge-
ometry of the ILS pull-in region. The bootstrappd success-rate
is a good candidatefor the ILS success-ratesbwer-bound The
bootstraped success-ratés easyto computeand it becomesa
sharplower-boundwhen appliedto the decorrelatecambiguities
2=2ZTa. In fact, at presentthe bootstrappe success-rates the
sharpesavailablelower-boundof the ILS success-rate.

Apart from having a lower-bound, it is also useful to have
an upperbound available. For obtainingan upperboundonecan
male useof the geometricmeanof theambiguityconditionalvari-
ances.This geometricmeanis referredto asthe Ambiguity Dilu-
tion of Precision(ADOP) andit is givenas

ADOP = \/delQé% (cycles (35)

Notethatthis scalameasuref theambigtity precisionis invariant
for the admissiblevolume preservingambiguity transformations.
With the ADOP onecanobtainanuppea-boundby makinguseof
thefactthatthe probability contentof the ILS pull-in region § g4
would be maximalif its shapewould coincidewith thatof theam-
biguity searchspace while its volumewould still be constraind
to 1. We have thefollowing bourdsfor theILS successate.

Theorem 7 (BoundsonthelLS successate)
ThelLS success-ratB(d, s = a) is bourdedfrom belox andfrom
abore as

P(s =2 < Plés=a) <P(x(n,0) < 753 )

ADOP? (36)
with cn = (31(5))%/"/mt

5. ABAYESIAN APPROACH

5.1. The Bayesestimate

The Bayesianapprachto GNSScarrierphaseambiguity resolu-
tion startsfrom a setof assumptionsvhich differs fundamentally
from the one usedin the previous sections,seee.g.Betti et al.,

1993, [Gundlich and Koch, 2001]. In the Bayesiamapproachnot
only the vector of obsenables,y, is assumedo be random,but
the vectorof unknown parametersa andb, aswell. Althoughthe
Bayesianappro&h hasnot yet find a wide-spreadusein ary of
the GNSSapplicatiors, the basicconeptsinvolved areof interest
in their own right, alsoin their compaisonwith the nonBayegan
theoryof the previous sections.



Let usfor the momenttake the two type of parametewectors
a andb togetherin onevectorx = (a",b")T. If bothy andx are
randomwe have accordingto Bayes'theorem

p(y | X) p(X)
p(y) 37)

Thusthe posteriordensityp(x | y) is proportioral to the productof
thelikelihoodfunction p(y | x) andthe prior densityp(x). Given
thedatavectory, thatis, giventhe obsenations,the posteriorden-
sity givesa completedescriptionof the probalilistic propertiesof
x. Theideaof the Bayesiamapproad is thereforeto usethe poste-
rior densityfor parameteestimation.

In the Bayesiarapproachto ambiguityresolutionit is the so-
called Bayesestimatewhich is usedasthe solutionfor the ambi-
guitiesandbaseline This estimatds definedasfollows.

p(x|y) =

Definition 4 (TheBayesestimatg
The BayesestimateXgayes Of the randomparametewvector x is
definedasthe conditionalmean

RBayes= E{X |y} = /Xp(X [ y)dx (38)

This definition can be motivated as follows. In orderto find a
'good’ estimatex of the parametewectorx, we would like to de-
terminea function of the data,say X = X(y), which in a certain
sensés closeto x. Let L(x,X(y)) be our measureof discrepang,
or our measuref loss,betweerx andX. It thenseemseasonable
to take X asthe solutionwhich minimizesthis discrepany on the
average.This amountgo solving the minimizationproblem

minE{L(x %) | ¥} = min [L(x2)p(x| y)dx  (39)

This minimizationproblemis particularlyeasyto solve in casethe
lossfunction equalsthe quadraticform, L(x,X) =|| x— X Hé, with
matrix Q beingpositive definite. Fromthe decommsition

E{LOGX(Y)) v} =
JlIx=%g p(x| y)dx =
J I x=E{x| y} 3 p(x| y)dx+ || E{x| v} = XI5

it directly follows that the posteriorexpectedloss is minimized
whenX is takenequalto the Bayesestimate Whenthe Bayesesti-
mateis substitutednto thelossfunction, the expectedossequals

E{L(x, *Bayeg} = trace(Qx‘yQ—l) :

5.2. The marginal posterior pdf’s

In orderto apply(38) to ourambiguityresolutionproblem we first
needan expressiorfor the posteriordensityp(x | y) = p(a,b | y).
In the Bayesianapproachto GNSSambiguityresolution,a andb
areassumedo beindepenént,with thefollowing improperpriors

{ p(@ O Yzmda—2z (pulsetrain
p(b) O congant

whered denoteghe Dirac function. Fromthe orthogond decom
position (22), the likelihood function can be seento be propor
tionalto p(y | a,b) D exp—3{|| a—al3, + || b(a) —b ||<2?5|~}' The
posteriordensityfollows thereforeas

(40)

plably) Dexp—3{||a—a|3,

+11B(@) b3, } 5rez08(a-2) “h

Therequiredmamginal posteriordensitiesp(a|y) andp(b | y), fol-
low from integratingthe joint posteriordensityover the domains
of respectiely a andb. Notethatin the presenttasethe domain
of ais takenasR" andnot asZ". In the Bayesianapproad, the
discrete-lile natureof a is thought to be capturedby assuminghe
prior to be a pulsetrain.Oncethe integrationsare carriedout and
thenormalizingconstats arerestoredthe maginalsareobtained
asfollows.

Theorem 8 (Marginal posteriorpdf's)
The posteriompdf's of theambiguitiesandbaselinearegivenas

{P(aW) = Wa(8) Yz zm0(a—-2
(42)
pbly) =

with theweightfunction

3 zez0 Poja(b [ @= 2 y)W2(8)

exp—3{ll a-z[3,}
Suezr P3| a—u|3,}

andthe conditionalposterior

1
ablay)=—=
Po| (blay) /dEQB|é(2T[)§p

It is now interestingto obsere how the above posteriormargi-
nal pdf for the baseline,p(b | y), compareswith the pdf of the
fix ed’ baseline p;(x), asgivenin (10). Both pdf's arevery simi-
lar in structure Both equalaninfinite sumof weightedconditional
baselinedistributions. Thetwo type of conditionalbaselinedistri-
butions, pﬁ‘é(x| 2) and pyja(b | 2 Yy), have anidentical shapebut
differ in their point of symmetry The first is symmetricabout
b(z) =b-— Qﬁéle(a— z), while the secondis symmetricabout
b(z) =b— Qp;Q5"

(&—2). Also the weightssharesomeresemblance This canbe
seenif we considerthe probability

—Z

W, (8) = ,zeZ"  (43)

1 -
exp—5 || b—b(@) I3, (44)
2 !

This probability canbeworked out to give

o Ise-dlix—2z|3, o
P(@=a—2 = 1 5
Yuezn Js, &P —3 || x—ullg, dx

which showvs theresemblanewith (43).

(45)

5.3. The Bayesbaseline

With the posteriorbaselinedistribution available, one can now
study the correspoding confidene regions aswell asdetermine
the Bayesestimateof the baseline,

E)Bay(-:‘s,: /bp(b | y)db
For adiscussioron how to approximatethe confidencaegionsof

theposteriorbaselinewe referto [Gundlich and Koch, 2001].
Usingtheresultsof theorem8, the Bayeshaselinefollows as

E)Bayes: b— QBanl (é_ Z ZV\&(é)) (46)
zeln



Again thereis a striking resemblane with the resultsof section
2. From (4) and (2.2) it follows that the 'fixed’ baselinecan be
writtenas

b=b-Q..Q:1(a— 4 47
QbaQa (a Z;nzﬁ( )) ( )

Wethusseethatthetwo solutionsdiffer in thewaythe'float’ solu-
tion 4 is usedto weighall integergrid pointsz € Z". In caseof the
Bayesbaselinethe smoothweightsw,(4) areused,while in case
of the fixed’ baselinethe 0 — 1 valuesof the indicatorfunction
5,(&) areused. Although both baselinesolutionscontainan infi-

nite sum,the oneof thefix ed’ baselinecanbe computedexactly,

while theoneof the Bayesbaselinecanonly be approxmated.
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