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Abstract—There is trend in spacecraft engineering toward
distributed systems where a number of smaller spacecraft work
as a larger multi-instrumented satellite. However, in order to
make the small satellites work together as a single large platform,
the precise relative positions and orientations of the elements of
the formation have to be estimated. Global Navigation Satellite
System (GNSS) receivers can be utilized to provide baseline estimates with centimeter to millimeter level accuracy. The legitimate
spaceborne receivers can not be applied on smaller satellites
due to various restrictions which are discussed in this paper,
and therefore non-dedicated receivers are lately being used.
However, to achieve precise relative positioning in situations with
high dynamics and/or large receiver clock offsets, the standard
functional model for GNSS-based relative positioning can not be
applied. In the presented hardware-in-the-loop simulation of the
Proba-3 spacecraft flying in formation, the error for the standard
functional model can up to 16 centimeters. A new functional
model is introduced that can correct the time-varying offset
error and achieve the mm-level accuracy of GNSS even with
non-dedicated GNSS receivers.

I. I NTRODUCTION
Formation flying a number of specialized small satellites
instead of a single large multi-instrumented spacecraft can
be advantageous for earth science applications. However, in
order to make the satellites work as a single large platform
it is normally required to know the relative positions and
orientations of all the elements of the formation precisely.
GNSS (GPS, Galileo, etc) can provide this information to
the user down to centimeter or even millimeter level [1].
Currently, we are developing a method to rigorously integrate
the attitude determination and relative positioning problems
[2][3][4]. In this contribution we will extend the relative
positioning part of the method for applications where the
standard functional models for GNSS can not be applied.
In section I-A and I-B, we will introduce the differences
between legitimate spaceborne receivers and non-dedicated
receivers applied onboard spacecraft. In section II, we will
develop a functional model for precise relative positioning for
formation flying with these non-dedicated receivers. In section
III, the functional model is applied to the relative positioning
problem and, in section IV, tested using hardware-in-the-loop
experiments performed with the Formation Flying Testbed at
the Navigational laboratory at ESTEC, the Netherlands. We
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will simulate a scenario with the orbital parameters of the
Proba-3 mission with a short nominal inter-satellite distance
(ISD) in a very eccentric orbit with an apogee of 71,200 km
and a perigee of 800 km.
A. Spaceborne GNSS Receivers
A legitimate GNSS receiver developed for space applications is assembled from space qualified components and this
inherently will make this kind of receiver more power hungry,
heavier, bulky and costly compared to terrestrial receivers. On
this type of receiver the larger frequency range of the Doppler
shift is taken into account and most of the time the receiver
clock is actively steered.
The topocentric distance is the distance between the user and
the GNSS satellite in topocentric coordinates. The variation
in topocentric distance between the distance at the GNSS
system time and the receiver time is currently neglected in
most applications; in other words the assumption is made that
there is no motion of the receiver between system time and
receiver time. For space applications, the influence of the affect
is normally kept small by keeping the clock offset small, which
is generally done in high-end space receivers as the Blackjack
receiver [1] and the receiver developed for the Japanese space
agency [5][6]. However if the clock error, as is usual in the
non-dedicated GNSS receivers described in the next section, is
not kept small and the standard model for relative positioning
is applied, a time varying offset error is present in the solution
as will be demonstrated in section IV.
B. Non-dedicated GNSS Receivers on Space Missions
On smaller satellites with mass, volume, power and cost
constraints, the kind of receiver described in section I-A
usually can not be applied and therefore a number of research
groups have started to adjust terrestrial receivers for the space
environment [7][8] or simply try to fly them in orbit [9].
As discussed, the variation in topocentric distance at the
receiver and at the GNSS system time is currently neglected
in most applications. Especially for most terrestrial applications, the variation due to motion of the receiver itself is
very small. For a typical terrestrial user this affect is in the
order of millimeters, especially if the receiver clock offset is
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actively steered. If this type of receiver is utilized for space
applications, the variation in topocentric distance has to be
taken into account. In the next section, we will develop a new
functional model that does so.

II. F UNCTIONAL M ODEL

A functional model describes the relationship between the
observations and the unknown parameters. In this section,
we will develop a new double difference model, where the
variation in the tropocentric distance is taken into account.
Subsection II-A, recaptures the RINEX instructions for correcting receiver clock offsets on the raw observations of the
receiver. It will also explain why these instructions will not
appropriately take the variation of the topocentric distance into
account for GNSS receivers with high dynamics and/or large
clock offsets. In subsection II-B, the new double difference
model is derived. It is shown that the model can be simplified
-under certain assumptions- to the standard double difference
model.

A. RINEX instructions for correcting observations for clock
errors
As was written in section I-A, we would ideally like to
actively steer the receiver’s clock. If this is not possible,
we should use the absolute navigation result for correcting
the GNSS observations according to the RINEX instructions
[10][11]. The instructions are that if the receiver or the
converter software adjusts the measurements using the
real-time-derived receiver clock offsets dT(r), the consistency
of the three quantities phase / pseudo-range / epoch must
be maintained, i.e. the receiver clock correction should be
applied to all three observables:
Time(corr) = Time(r) - dT(r)
PR(corr) = PR(r) - dT(r)*c
phase(corr) = phase(r) - dT(r)*freq
where the Time(r) is the receiver time and Time(corr)
is the time corrected for the offset from the GNSS time; PR
is the pseudo range, phase is the carrier phase and freq is the
observation frequency. c is the speed of light. However, for
large clock offsets and/or high user dynamics, this correction
might not capture the dynamics of the user(s) during the
small time difference between receiver and system time, and
thus only reduces the affects that will be described later in
section IV. So the general discussion will remain valid even
if the RINEX corrections are applied on the observations.

B. Deriving the Double Difference Model
In general, a code, phase and Doppler observation can be
expressed by Eqs. (1), (2) and (3), respectively [12][13].
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φr,f (t0 ) Initial phase at frequency f in r
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Doppler observations
Dr,f
˙ indicates the time derivatives of quantity
The notation (..)
s
(..), as there are geometric distance ρsr , ionospheric Ir,f
s
and tropospheric Tr,f errors, the receiver ζr and satellite
clock ζ s error, ephemeris error ξ s and residual error ε.
The Doppler observation is normally generated from carrier
phase observations, therefore the last term of Eq. (3), the
unmodelled error term ε̇sr,f , is the derivative of the error εsr,f
in Eq. (2).
The Eq. (1) and (2) can be linearized as described in [12]. For

Eq. (3) using
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(4)

where rr is the user position, usr is the transpose of the lineof-sight vector from the receiver r to satellite s, rr is the
increment of the position vector and ṙr its derivative, we
obtain a linear equation relating the receiver position, velocity
vectors and the clock drift to the Doppler observations.
By taking the differences between two receivers and the
GNSS satellites, the double difference model can be derived.
In this model, we make use of the following notation to write
the single difference range rate:
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These equations show that, different from the standard double
difference model, in the new model the receiver clock errors
do not completely disappear from the Eq. (5) and (6). By
neglecting these receiver clock error terms, the standard double
difference model, without the Doppler observations, used in
terrestrial surveying [12], but also for relative positioning in
the space environment [1], is obtained:
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In the next section, we will test both models with data
collected from two platform moving with high dynamics in
a very eccentric orbit.
III. R ELATIVE P OSITIONING
Standard relative positioning models use two types of
observations: pseudo range and carrier phase. In this section
we will introduce a model that makes use of these two
observations plus Doppler. The double difference observation
equations were derived in section II-B. The pseudo range

observations can have an accuracy of meters to decimeters
[14] and the carrier phase observations have accuracies down
to millimeter level. The Doppler observation have an accuracy
worse than carrier phase but normally better than centimeter
level [13].
A. Standard Model
The double difference observation equations, Eq. (8) and (9)
can be written for a single baseline as a system of linearized
observation equations [12]:
E(y) = Az + Gb,

D(y) = Qyy

(10)

where E is the expected value and D is the dispersion
of y. y is the vector of observed minus computed double
difference carrier phases and code observations of the order
m = 2n, z is the unknown vector of ambiguities of the order n
expressed in cycles rather than range to maintain their integer
character. b is the baseline vector of order three. G is the
geometry matrix containing normalized line-of-sight vectors,
A is a design matrix that links the data vector to the unknown
vector z. The variance matrix of y is given by the positive
definite matrix Qyy which is assumed to be known. In our
notation we will make use of the weighted squared norm
..2Qyy = (..)T Q−1
yy (..).
It is important to note that the ambiguities are integers and
therefore z and b are (z ∈ Zn , b ∈ R3 ) with Zn being the
n−dimensional space of integers. The set of linear observation
equations is solved by applying the well-known LAMBDA
method [15] on the Integer Least-Squares problem with the
least-squares criterion:
min

z∈Zn ,b∈R3

y − Az − Gb2Qyy

(11)

B. Proposed Model
For our proposed model, we will make use of the vector
υ of n observed minus computed double difference carrier
phases, code and Doppler observations, as described by Eq.
(5), (6) and (7), of the order m = 3n. β contains the
baseline vector b of order three, and its derivative ḃ with the
same order, which is the relative velocity between the two
platforms, thus β = [b, ḃ]T . Γ contains the geometry matrix
of normalized line-of-sight vectors G and its derivative Ġ:
G 0
. A is the design matrix that links the data vector
Γ=
Ġ G
to the unknown vector z. Applying this notation and ζr as apriori information from the absolute positioning result for each
receiver, the double difference observation equations, Eqs. (5),
(6) and (7), can be written for a single baseline as a system
of linearized observation equations:
E(υ) = Az + Γβ,

D(υ) = Qυυ

(12)

The ambiguities are integers and therefore z and β are (z ∈
Zn , β ∈ R1×6 ). The least-squares criterion for the problem
reads as:
min
υ − Az − Γβ2Qυυ
(13)
z∈Zn ,β∈R1×6

TABLE I
O RBIT SPECIFICATION FOR THE F ORMATION F LYING SPACECRAFT
Orbital Period
Apogee (altitude)
Perigee (altitude)
Inclination
Mean Anomaly at
start of simulation
Nominal ISD

± 24.1 hours
77,578 (71,200) km
7,178 (800) km
17.8◦
352◦
0.150 km

Now again we can obtain, using the same approach as described in section III-A, the Integer Least Solution by applying
the LAMBDA method, as described in [15].
IV. S ATELLITE F ORMATION F LYING : P ROBA -3
In this section, we will test the standard and proposed model
using data collected in an experiment of two satellites flying
in close formation.
A. Hardware-in-the-loop Simulation Setup
In this contribution we will use the same hardware-inthe-loop experimental setup performed with the Formation
Flying Testbed at the Navigational laboratory at ESTEC, the
Netherlands, as described in [3] and [4]. In this formation
flying experiment, two spacecraft are simulated with on each
spacecraft a PolaRx2@ receiver [16]. Both satellites have,
in addition to the master antenna, two single frequency
auxiliary antennas. In this paper, observations from these
single frequency antennas are not applied, but in [2][3][4]
it was shown how this data can be utilized to enhance the
relative positioning. A scenario was simulated with the orbital
parameters of the Proba-3 mission as shown in Table I and
a nominal inter-satellite distance (ISD) of 150 meter. For the
Proba-3 scenario only the part of orbit where the satellites are
below the GPS constellation was simulated (see Fig. 1), as
the PolaRx2@ receivers are not modified for an orbit higher
than the GPS constellation. According to [17], this matches
well with the real mission requirements as the relative GPS
equipment will be used during the period where the satellites
are below 5000 km. The velocity of the satellites passing
through the perigee is about 10 km/s (≈40.000 km/hr).
In Fig. 2 the simulation set-up at the ESTEC navigation
laboratory is shown, consisting of one Spirent GPS simulator
(4760) with three rf outputs and two Septentrio Polarx2@
receivers, adjusted to acquire and track the GPS signals in
a LEO environment. More information about the test set-up
can be found in [17].

Fig. 1.

Orbits of Proba-3 and GPS spacecraft (SC)

we see that clocks of the two receivers in this experiment
behave very differently. The clock drift of Clk2 is much larger
than the drift of Clk1. The clocks of the two receivers are
controlled within 0.5 ms; if one of the two clock errors exceeds
this threshold it is steered. Fig. 4 shows the error in the
baseline estimation if the standard double difference model,
as described by Eq. (10), is applied. By comparing Fig. 3
and Fig. 4, we observe that the baseline error is related to
the relative clock error as described by Clk1-Clk2. But the
relationship is not linear; there is a second affect in the baseline
error that is related to the relative dynamics between the GNSS
satellite and the user(s). This will be investigated in the next
section.
At the instant the clock is steered, also the baseline error is
changing. The maximum baseline error is around 16 centimeter with the standard double difference model and the error

B. Experimental Results
1) Relative Positioning using standard Double Difference
Model with pseudo range and carrier phase observations:
Fig. 3 and Fig. 4 contain results, obtained from a hardwarein-the-loop experiment for the PROBA-3 mission, which was
described in detail in section IV. Fig. 3 shows the the clock
offsets for the receivers obtained from the absolute position
estimate for receiver 1 (Clk1) and receiver 2 (Clk2). In Fig. 3

Fig. 2.
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depends on the difference between clock offsets of the two
receivers and the user dynamics. This results in a time-varying
offset in the relative position or baseline estimate between
the two receivers. Table II shows that the mean error μ and
standard deviation σ on the baseline estimate are 14.90 mm
and 42.07 mm respectively.
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Baseline error using the standard double difference model
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Fig. 5. Baseline error using the proposed double difference model only for
receiver 1

Standard Model
Proposed Model

Relative Positioning Error [mm]
μ
σ
14.90
42.07
0.05
0.70

2) Relative Positioning using the proposed Double Difference Model with pseudo range, carrier phase and Doppler
Observations: In Fig. 5, Fig. 6 and Fig. 7, we apply the
proposed double difference Model as described by Eq. (12).
In Fig. 5 only corrections, based on clock error and range
rate, are made for receiver 1, in Fig. 6 only for receiver 2
and in Fig. 7 for both receivers. As receiver 1 has only a
small clock offset, in Fig. 5 not much difference is observed
compared to Fig. 4. Receiver 2 has a much larger time offset,
therefore the baseline estimate in Fig. 6 is much improved and
a small error - almost linearly depending on the clock offset
of receiver 1 - becomes apparent. In Fig. 7, corrections are
applied for both receivers and the time-varying offset error in
the baseline estimate is completely removed. By comparing
Fig. 7 with Fig. 4, we conclude that the proposed double
difference model can correct the clock behavior and dynamics
of the receivers well. The results, if corrections from both
receivers are applied, are summarized in Table II. The mean
error and standard deviation on the baseline estimate are 0.05
mm and 0.7 mm respectively. So the mean of the error is
almost zero and the standard deviation is approaching the
theoretical limit of GNSS relative positioning.
V. C ONCLUSION

Baseline Length Error [meter]

0.2

0.1

0

−0.1

−0.2
0

500

1000

1500

Epoch [1sec]

Fig. 6. Baseline error using the proposed double difference model only for
receiver 2

In this contribution, we have developed a new functional
model, in which the variation between the topocentric distance
at the GNSS system time and at the GNSS receiver time is
taken into account. For users with high dynamics and/or large
clock offsets, not taking this affect into account can cause
time-varying offsets in the baseline estimate. In the hardwarein-the-loop simulation presented in this paper of the Proba-3
spacecraft flying in formation in a very eccentric orbit, this
error can be up to 16 centimeters. In the proposed functional
model, this error can be corrected and the accuracy of the
baseline estimate approaches the theoretical limitation.
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