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ABSTRACT

GPSambiguty resolutionis the procesof resolvingthe
unknown cycle ambiguitiesof thedoube-difference(DD)
carrier phasedata as integers. It is the key to high-
precisio relatve GPSpositionirg, whenonly shortob-
senation time spansare used. Oncethe integer amh-
guitiesareresohed, the carrierphase measurenmas will
startto act asif they were high-precisionpseudorange
measuements therebyallowing the remainingparame-
ters, such as the baselinecoadinates,to be estimated
with a compaable high precision. High ambiguty suc-
cessratesare requiral for GPSambiguty resolutio to
be successful. Thesesuccesgates,as measurd by the
prababilitiesof correctintegerestimationdependon the
various assumptias underlying the mathenatical mocel
used.Mis-specification®r errors in eitherthe functional
or stochastianocel will generdly resultin lower success
rates.lt is therebre of importanceto be ableto diagnese
thesensitvity of ambiguity resolutionfor suchtypeof er-
rors.

In this contibutionwe will analysehesensitvity of GPS
ambiguity resolutionfor various type of modelirg erross.
The analysisis basedon an analytical, closedform for-

mula for the probability of correct integer estimation
This formulais geneally valid andmaybeappliedto ary

of the GPSmodelscurrently in use.In the presentonti-

bution it will be usedto studythe errorsensitvity of the
GPSgeonetry-freemodel.

INTRODUCTION

Ambiguity resolutionis thekey to fastandhigh-precision
relative positioring, bothin the caseof curret GPSand
future GNSSS5. The reasorfor this is that oncethe am-
biguties have beenresoled asintegers, the phasemea-
surematsstartto actasif they werehigh-precisionrange

measurernts, therely allowing the paraméers of in-

terest(e.g. baseline-oordirates)to be estimatedwith

a compaable high precision Ambiguity resolutionap-
plies to a greatvariety of GPSmockls currently in use.
They range from single-baselinanockls for kinematic
positionirg to multi-baselinemodelsusedas a tool for
studying geod/namical phenomera. Models may have
the relative satellite-receier geonetry included or ex-

cluded Receversmay be stationaryor in motion. At-

mospleric delaysmay be includedin the modelas un-
knowns, makingthe modelsuitablefor long baselinesor
they maybe excludedfrom the mocel, makingthe model
suitablefor relatively shortbaselines. An overview of
thesepossiblemockls,aswell astheirapplicatiors, canbe
found in a numter of textbookslike Hofmann-Wellentof

etal. (1997), Leick (19%), ParkinsonandSpilker (1996),

Strangand Borre (1997 and Teunisserand Kleusbeg

(1998B).

For all thesedifferert models,the methal of ambiguity

resolutionis thesame andusuallya threestepprocedure
is followed In afirst step,the integer charactemf the

ambigutiesis discardedanda standad least-squarsad-

justmentis carriedout. This providesuswith real-valued

estimatedfor the unkrown paraneters,often referredto

asthe“float solution”. This stepalsoprovidesuswith the
variarce-cov/ariancematrix of theseunknowns. In a sec-
ond step,the float ambiguty estimatesareusedto com-

pute the correspading intege ambiguty estimatesthe

actualambiguty resolutionstep. Finally, providing the

secondstepwas successfulthis integer estimateis used
to correctthe float solutionestimate.As a resultoneob-

tainsthefinal andpredse estimategor theremainng pa-
rameterf interestusually but notnecessarilybaseline-
coordnates.

The integer estimationpart of this three-stegprocedure
essentiallyboils down to applying a mappng fundion
from the n-dimensionalspaceof real valuesto the n-
dimensioml spaceof integer values. Severd possibili-
ties areavailable here,suchasa simplerounding of the
ambiguties, a condtional rourding of the ambigtties
(bodstrapping, or an integer least-squaresnapping of
the ambiguities. Thesepossibilitiesdiffer in complec-
ity, but moreimportant, they differ in the probability of
estimatingthe correctinteges. It hasbeenprovenin Te-
unissen(199M) thatthe integer least-squaresstimatoris
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optimal in the sensethatit maxinizesthe probaility of

correctinteger ambiguty estimation. This integer least-
squaesestimatoris alsothe mostcompex of the estima-
torsmentiored, but it hasbeenefficiently mechaizedin

the LAMBD A-metlod which was introducedin Teunis-
sen(199).

The probalility of successfuhmbiguity resolutia, also
referedto asthe successate of ambiguity resolution is
given astheintegral:

P(a=a) = /Sa pa(x)dx (1)

with pa(x) the prabability densityfunction of the float
ambiguities and S, the pull-in region. It is stressedhat
the succesgate shouldbe usedas measue for predid-
ing thesucces®f ambiglity resolutian insteadof e.g.the
standad deviationsof theambiguities.

Notethatthesuccessatedepadson threefactors being
thefunctionalmodel (obserationequatiors), thestochas-
tic mockl (distribution and precisionof the obserables)
andthechosemmethdal of integer estimation.

Theunbiasedassof the'float’ solutionis oneof thebasic
assumptiasundelying thecompuationof theambiguity
successate. Thisassumptiais valid aslongasthe’float’

solutionis basedon a correctly specifiedmodé. Any
mis-specificatia in thefunctionalmocel (theobsenration
equaions) however, will geneally leadto biasesin the
least-squass estimatorandtherefae in the 'float’ solu-
tion of theambiguities. In caseof GPS,suchbiasesould
begeneatedby outliersin thecode data,cycle slipsin the
phasedata,multipathor the presee of unaccountedat-
mospleric delays.In this cortributionwe will discusghe
impactsuchbiaseshave ontheperformarce of ambiguity
resolutian.

THE INFLUENCE OF BIASES ON THE SUCCESS RATE
A one-dime nsiona | example

Sinceunaccaintedbiaseswill degradetheperfamanceof
ambiguity resoldion, the ambiguity successatewill get
smallerin the presencef suchbiases A smallersuccess
rate, however, does not necessarilymeanthatit hasbe-
comeunaceptablysmall. It couldstill belarge enowgh,
evenin the presencef biases.This is illustratedin fig-
ure 1 for a onedimensimal exanple. In this figure, the
successate equalsthe integral of the pdf of 4 over the
pull-in region, in this 1D-casethe line-s@gmentbetween
—0.5and0.5. In theabsencef ary bias,the pdf of & will
be centeed ata. Thus,the successatein the unbiased
caseequalstheblueareain thefigureontop. But whena
biasb is presenit will translateover b andbecenteredat
a+ b. Thesuccessatestill equalstheintegral of the pdf
of &overthepull-in region, in thiscaseheredarea.Since
thered areais smallerthanthe blue area,the translation
overb will redwcethesuccessate.

However, if thepdf weresuficiently pealed,asshavnin
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Fig. 1. One-dimensioal exampleof the effect of a biasin the
floatambiguityonthesuccessate,ontop thestandardieviation
of the ambiguityis chosento be 0.25 cycle, at the bottomit is
chosemas0.05cycle.

figurel atthebottom,thesuccessatecouldstill belarge
enowgh, even thoudh the pdf is now centeredat a+ b.
In fact, if the pdf were suficiently pealed the success
ratewould not charge by much, providedthe vectora+
b remainslocatedwithin the pull-in region. A dramatic
dropin thesuccessates value will thenonly occurwhen
a+ b crosseshebourdaryof the pull-in region.

In orderto gain someuncerstandingor the relatiorship
that exists betweerprecisionof the float ambiguty, bias
and succesgate, figure 2 hasbeenprovided. This fig-
ure shavs that biaseslessthan 0.5 cycle are pernitted,
provided the correspondig standarddeviation is small
enowh. Thatis, provided the distribution is suficiently
pealed Thehigh successatedropsdramaticallythouch
whenthelimit of a0.5 cycleis crossed.

A general formula

In this sectionwe preseh an exact and easy-to-copute
formula for the bootstrapedsuccessatein the presence
of bias. This gereralformula canbe usedto evaluatethe
influenceof biasesonthebodstrappeduccessate. Inte-
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Fig. 2. Successatesasfunctionof thebiash. Thesevensuccess
ratecurvescorrespod with o3 = 0.001,0.01,0.1,0.2,0.3,0.4,
0.5cycles.

gerbodstrappings an often usedmethodof integeram-
biguty estimation. It is a simple methal, which, when
comhbinedwith thedecarelationprocessof theLAMBD A
methal, canachiere goad results. The methodis a gen-
eralizationof the'integer rounding methal andgoesas
follows. If n ambigiities are available, one startswith
the first ambiguity 4; androundsits valueto the near
estinteger Having obtairedtheinteger valueof this first
ambiguity, thereal-\velued estimate®f all remainirg am-
biguties arethencorrectedby virtue of their correlation
with the first ambiguty. Thenthe second but now cor-
rected real-\alued ambiglity estimateis rourdedto its
nearst intege. Having obtainedthe integer value of the
seconcambigtity, thereal-valuedestimate®f all remain-
ing n— 2 ambiguties arethenagaincorrected,but now
by virtue of their correlationwith the secondambigtity.
This processis contirued until all ambigiities aretaken
careof. In essencehis 'bootstrapping techniqie boils
down to the useof a sequetial conditional least-squares
adjustmat, with a condtioning on the integerambiguity
values obtainedn the previoussteps.

Themethodof integerbodstrappings known to perform
poaly whenit is appliedto the doule-difference(DD)

ambiguities. This is dueto the usually high correlation
betweenthe DD ambiguties. The methodshoud there-
fore only be appliedto ambigtities which aresuficiently
decarelated.Thisis achiesedby applying thedecarelat-
ing Z-transformatim of the LAMBD A methal, seeTeu-
nissen(1993), de Jongeand Tiberius (196). Hence,in-

steadof applying integerbootstraping to the DD amb-

guity vecta 4, it shouldbeappliedto thetransfamedand
decarelatedambiguities,

Whenthe original DD ambiguities are biased the trans-
formed ambiguties will be biasedtoo. They are dis-
tributedas

2~N(z+2Z"b,Q;=2"Qa2) 2

with zthetrue,but unknown transfamedinteger ambigu-
ity vecta andZ"b the transfamed biasvector We are
now in the positionto describenow thebodstrappeduc-
cesgateis affectedby the presencef biases.

Theorem Let the real-valued’float’ solution be biased
anddistributed asin (2) andlet the integer solution be
obtaina by meansof bootstraping. The prabability of

corred integerbootstraping is thengiven as

1-2¢ 1+ 2
(D( 20z, >+(D< 20z, ) _1]
3

with ¢; the it entry of the bias vecta L=1ZTh, 03,
the variane of the i'" least-squageambiguty obtaired
through a conditianing on the previous | = 1,--- (i — 1)
ambiguties and

n

R@E=2 =]

o= [ —=epl-zAlv @

The lower unit triangular matrix L follows from the fac-
torizationQ; = LDLT, while D = diag(- - - ,0%“ ,-ee).

This theoemwasfirst introducedandprovedin Teunis-
senetal. (2001). In thenext sectionwe will usetheabore
theoremto studytheimpactbiaseshave ontheambiguity
successateof thegeoméry-free model.

THE GEOMETRY-FREE GPS MODEL

The float ambiguity solu tion

For sufiiciertly shortbaselinesthe DD phaseand code
obsenration equaions of the dual frequeng, geomety-
freeGPSmocdel aregivenfor asingleepochi as:

o) = of) + Ma
@) = o) + o -
pii) = o)
p2(i) = pli)

where@y (i) and (i) arethe DD phaseobsevableson
L1 (1575.420MHz) andL2 (1227.6® MHz). p4(i) and
p2(i) arethe corresponéhg DD codeobserables,p(i) is
the DD form of the unkrown recever-satelliterange and
a; anday arethe unknown but time-invariantinteger DD
ambiguties. The knowvn wavelendhs aredenotedasA 1
andAo.

Note, due to the paranetrization in terms of the DD
ranges, thatno linearizatio is requiredfor the above ob-
senationequations. Theabsenc®f thereceversatellite
geomdry also implies that the model permits both re-
ceiversto be either stationaryor moving. Furthemore,
theparanetrizationin termsof the DD rangesimpliesthat
the troposyeric delaysneednot be moddled explicitly.
Whenpreseh thesedelayswill getlumpedwith the DD
range. Hencethe estimatedambiguties will alwaysbe
freefrom tropaspherichbiases.
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Thegeonetry-freeGPSmodel hasbeenstudiedby mary,

seee.g.EulerandGoad(1990), Hatch(1982), Jonkman
(1998), Joosteretal. (199), Teunisserf19%), Wibbema
(1988).

In thefollowing it will beassumedhatthe’float’ solution
of theabore modelis obtainedn aleast-squaresensaus-
ing k numbe of epodis. Theambiguties arecorsidered
to be time-invariant for the duration of the obseration
periad. We alsoassumehat time corrdation and cross
correlationareabsent.The undfferened standad devi-
ationsof phaseand codewill be denotedasoy andaop
respectiely. Oncethe’float’ solutionof the ambiguities
is obtaired,theintegerbootstraping principle canbeap-
plied andthe corresponéhg probaility of correctinteger
estimationcanbe compued.

The DD float solutionof the abare model canbe shavn
toreadas:

(pa(i) + p2(i))}
(pa(i) + p2(i))}

s {ou() -

=gy (6)
& = pyria{ee()—-

NI NIl

We aretherefae now in the positionto formulatethe ef-
fectvarious biaseshave on the float solution. This result
comhbined with the above giventheoem, enalbes oneto
evaluatethebiasaffeced successate.

QOutliers in the code data

An outlier (blunder)in the L1 codedataat epochj (1 <
j £K) of sizep,, will prodiwce a biasin the float amb-
guity vectorof

1 [ 2
b=—=| 3 @

Figure 3 shavsthedualfrequency successateasafunc-
tion of the size of the codeoutlier, O, , for k=1, 5 and
10,with 6y = 3mmandaop = 10cm.

Theseesultanaycomeasasurprisesincethey shav that
successfuambiguity resolutionis quiteinsensitve to the
presege of a codeoutlier of modeatesize.For instance,
for k=5, thesuccessateis still closeto 1 evenin thepres-
enceof a codeoutlier of 3 m. Theresultsshavn canbe
explainedasfollows. The succesgates insensitvity is

causedy two effects,the lengthof the b vectorasgov-

ernedby k andthedirectionof theb vecta. Thedirection
of b is favouralle sinceit canbe shavn to poirt in the
mostelongateddirection of the DD pull-in region. But

alsothe effect of a largervaluefor k is favourable,since
whenk increasesthe lengthof b decreasesandthe pdf

of & getsmorepealed, while the pull-in region remains
unafected.
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Fig. 3. Dual frequeng successateasa function of the sizeof
thecodeoutlier, Op, (M), for k = 1 (blue),5 (black),and10(red),
with gy = 3mmando, = 10cm.

Slips in the phase data

A slipin theL1 phasedataatepochj (1 < j <K) of size
Oy, (cycle),will produceabiasin thefloatambiguity vec-
tor of Keit1 L

Figure4 shavsthedualfrequeny successateasafunc-
tion of thesizeof the phaseslip, Oy, , for k=1,5and10,
with oy, = 3mmandaop, = 10cm. For the startof thesslip,
threedifferent casesare evaluatel: first epoch(j = 1),
halfway time intenal (j = ¥4 whenk = odd, j = X oth-
erwise)andlastepoch(j = k).

b=—

The resultsshowv that the permittedsize of the slip de-
pend very muchon themomen theslip startedio occur
In particularwhen this moment comescloseto the last
epoch muchlarger slips are permitted,in caseof k=10
evenlarge thanl cycle. When | =k, the successates
depenlenceon the sizeof theslip is very similar to what
we saw in caseof thecode-aitlier.

Effect of unaccounte d iono spheric delays

It is comnon pradice to neglecttheionosphericdelaysin
caseof suficiently shortbaselines.The mockl in which
the ionospleric delaysare assumedknown or absents
referied to as the ionosphere-fied mockl, andis given
in (5). But whenarewe truly allowed to usethis sim-
plified model?Thatis, whendo baselinesatisfythe cri-
terion of "sufficiently short'? This is usuallydetermired
on the basisof expeiimentsand pastexperience. With
the above given theoremhowever, we now have an ad-
ditional tool for studyingthe impad of ionosphericbi-
asesFurthernore,suchstudiesarenow easilyperfamed
for variols measuremnt scenarios.In the following we
will study the impad of the ionospleric biasesfor the
the dud- andthe triple-frequercy caseand compae the
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Fig. 4. Dual frequeng successateasa function of the size of

thephaseslip, Og,, for k=1 (blue),5 (black),and10 (red),with

0y = 3mmandap = 10cm. On top, the slip occursat the first

epoch,in the middle halfway the intenal, and at the bottomat

thelastepoch

performarce of the biasaffected,ionosphere-fied mockl
with the perfamanceof its mostrelaxed alternatve, the
ionosphere-flatmode.

The ionospleric biases can be shavn to affect the

ionoshere-fixed, float ambiguity solutionas:

2\ + %)\1 (%g - 1)

b=t 2)\2+%)\2(;\—§—1)

9)

with T = 49210'TECU (m™1),
TECU = £ 3K , TECU((i)
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Fig. 5. Successratesas a function of bias due to unmod
eled ionosphericdelaysfor a numter of epochsof 1, 5, 10
and 50, with oy, = 3mm op = 10cm  Successatesbasedon
the ionosghere-floatmodelfor the samenumbe of epochsare
shavn ashorizontallines.

Figure5 shavsthedud frequeng successateasafunc-
tion of TECU, for k=1, 5, 10 and50, with gy = 3mm
andop = 10cm

The S-cunes are the successrates based on the
ionosghere-fived modd, andthe horizantal lines arethe
successatesbasedon the ionosplere-floatmodel. It
is well-known that the dual-frequemy, ionosplere-fixed,
geoméry-free model pernits fastambiguityresoldion in
the absencef ionospleric biases.This is alsoshavn in
figure 5. However, sinceonecannever be sure,evenfor
shortbaselineswhethe the ionosphericdelaysare truly
absent,it is of interestto know how sensitve the suc-
cessrateis for the presenceof suchbiases. From fig-
ure5 we learnthatthe single-epch successatedropsto
abou 80%in casethebiasequds about3 cm. Thisshavs
thatalreadyafew centimeersof anionosplericdelaycan
lower the successatesignificantly Hence,if onewants
to safgguad ambiguty resoldion againsthe preseie of
suchbiasesone shouldtake more epochsinto account.
For the preseh exampe tenepocls insteadof onewould
suffice. Fortumately the presene of suchbiasesdoesnot
yetnecessitattheuseof theionosghere-floaAmodel. This
would be the casewhenthe biasesbecone larger. But
thenthe successatesbecone sosmall, thatfast,full am-
biguity resolutionwill not be possibleanymore. In that
casepartialambiguity resolutionmight be analternatve.

413



Note that, althowgh the permittedbiasesare small, they
aretime-areraged,dowble-differencechiasesandnot ab-
soluteionosphericbiases.

Sensitivity in case of partial ambiguit y resol ution

For full ambigiity resolutim we have seen,in case
the doube-differenced time-averagedionasphericdelay
amounts to only a few centimetersthat the ionosplere-
fixed mocel is to be preferredover the ionosphere-flat
mockl. Although thelattermodé permitsionosgericde-
lays of ary size,too mary epocls are needd with this
mockl to reacha suficiently high successate. With the
ionasphere-fied model, on the otherhard, onecanstill
reacha high succesgate reasoably fast, provided the
ionaspherichiasis lessthana few centimeters.

As an alternatve to full ambiguity resolution, one may
consicer partial ambiguty resolution With a dud-
frequengy mockl, partial ambiguty resolutionamounts
to fixing the bestdetermired ambigiity, wherea with a
triple-frequercy model, it amouwntsto a fixing of the two
bestdetermind ambigtties. Theselectiorof thebestde-
termiredambiguitiesis basednthe LAMBD A methal.

Partial ambiguity resolutionis attractve in casefull am-

biguity resolutionwould take too mary epocls to reach
a sufficiently high succesgate. As shavn in Teunissen
etal. (1999, fastpartialambigtity resolutionis possible
with theionosplere-floatmodd. Although the precision
improvementin the range p is lesswith partial ambgu-

ity resolution thanit would have beenwith full ambiguity
resolution, theimprovements still significant.

Thequestiorarisesnow whether onecanspeedup partial
ambiguity resolution even further by applying it to the
bias affected ionosplere-fixed mocel, insteadof to the
ionosphere-flatmockl. It turnsoutthatthisis only possi-
blein casetheprecisionof thecodedatais relatively poa.
Tablel shavstheresultsfor modernisedthree-fequery
GPShasednacodeprecisionof 30 cm.

Succegate | Number of epochsecessary
lonosphere
float fixed,bias< [cm]

10| 20| 30| 40 | 50
0.990 5 2122 |34
0.9%0 6 212 |3|3]|4
0.990 9 313|446
0.999 12 |4 4|5 |71|9

Table 1. Numberof epochsneededin caseof moderrisedGPS,
for theionosplere-floatmodelandthebiasaffected,ionosghere-
fixed model, to reacha certain partial ambiguity succesgate
(99%, 99.5%, 99.9%, 99.99%). Five levels (10-50cm) are
shavn for the maximumallowableionospteric biasin casethe
ionospheredixed modelis used. The chosenprecisionof phase
andcodereadso, = 3mmandop = 30cm

Table 1 shaws, for instance|f a successateof 9999%
is requred, that 12 epochswould be neead with the
ionosghere-float model, but only 4 epocls with the
ionoshere-fixed mockl, providedthe ionospleric biasis
lessthan20 cm. In caseof 12 epachsthe precisio of the
DD rangeimprovesfrom 44 cm (ambigtities floated)to
17 cm (two bestdetermired ambiguities fixed) whereas
with 4 epotsit improvesfrom 76 cmto 29 cm.
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